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Fitting Spatial Econometric Models through
the Unilateral Approximation

Giuseppe Arbia; Marco Bee]
Giuseppe Espaj Flavio Santi?

Abstract

Maximum likelihood estimation of spatial models based on weight
matrices typically requires a sizeable computational capacity, even in rel-
atively small samples. The unilateral approximation approach to spatial
models estimation has been suggested in Besag (1974) as a viable alternat-
ive to MLE for conditionally specified processes. In this paper we revisit
the method, extend it to simultaneous spatial processes and study the
finite-sample properties of the resulting estimators by means of Monte
Carlo simulations, using several Conditional Autoregressive Models. Ac-
cording to the results, the performance of the unilateral estimators is very
good, both in terms of statistical properties (accuracy and precision) and
in terms of computing time.

1  Introduction

Maximum likelihood estimation of spatial models based on weight matrices
requires an amount of computational resources (both in terms of time and
hardware/software equipment) that rapidly rise as the sample size increases.
This sizeable absorbtion of computational capacity stems from the evaluation
of a log-determinant appearing in the log-likelihood function of most models.

In order to overcome this problem, several approximate estimation tech-
niques have been proposed over the last decades. The methods suggested can
be divided into two groups depending on whether they aim at approximating
the log-determinant or at restating the model so as to speed the log-determinant
evaluation up.

The first group comprises the methods that directly or indirectly estimate
(deterministically or stochastically) the log-determinant. Martin (1993) and
Pace and LeSage (2004) proposed two approximations respectively based on
Taylor and Cebysév series expansion of the log-determinant. LeSage and Pace
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2 1 INTRODUCTION

(2009, ch. 4) go through these methods and illustrate other approaches based
on Monte Carlo simulations and deterministic interpolation. A comparison
between some of these methods and the generalized method of moments is
proposed in Walde, Larch and Tappeiner (2008).

Methods belonging to the second group aim at making the computation of
the log-determinant simple or immediate. The models based on exponential
matrix approach proposed in LeSage and Pace (2007) are of the first kind, while
the coding techniques (Besag 1974) and the unilateral approximation can be
considered of the second type.

In this paper we focus on the unilateral approximation. This method
was suggested in Besag (1974) in the setup of conditional Gaussian spatial
models, and aims at constructing a unilateral simultaneous process such that
its spectrum approximates the spectrum of a given conditional bilateral process.
Parameter estimation is performed on the approximating unilateral process,
and an appropriate reparametrization allows one to estimate the parameters of
the original bilateral process.

The advantage of fitting a unilateral process is represented by the form of
the associated weight matrix W and of its log-determinant. The likelihood func-
tion of most spatial models based on weight matrices includes a determinant in
the form |I — pW/|, where I is the identity matrix, and p € R is a parameter. As
we illustrate in Section 3.4, by means of a proper permutation of the observa-
tions of the sample, it is possible to make the weight matrix W triangular and
zero-diagonal. Hence, the log-determinant In |[I — pW/| equals zero whatever the
value of p, and its evaluation does not represent a computational hindrance
any more.

This paper studies more in depth the method suggested in Besag (1974)
both from a theoretical and an applicative perspective. By means of Monte
Carlo simulations, we analyse the small-sample properties of the estimates,
and compare them with those of the maximum likelihood estimates (MLEs).
Moreover, we tackle the problem of deriving the unilateral estimators in an
isotropic setup, and suggest a viable alternative to the Besag’s estimators.

Afterwards, we extend the Besag’s approach to simultaneous spatial pro-
cesses. This problem is relevant, because most spatial models in econometrics
are based on simultaneous specifications (see e.g. LeSage and Pace 2009, ch. 3),
whilst the unilateral approximation has been considered just for conditional
processes till now (Besag 1974; Bartlett 1975, p. 26).

As we will illustrate, Monte Carlo simulations show that unilateral estimates
are good both in term of bias and RMSE, when compared to MLEs. Moreover,
unilateral approximation approach dramatically reduces the computation time
of the estimation process. This feature becomes particularly marked in large
samples, due to the difference between exact and approximated log-likelihood
function evaluation in terms of computational complexity — O(n?) for MLE,
O(n) for unilateral estimators.

We present also some theoretical results about the unilateral approximation
of generic bilateral spatial process, and some observations about the application
of the unilateral approach to non-rectangular lattices. Finally, we show how the
unilateral approximation method can be adjusted so as to include regressors
into the analysis. This issue is particularly important from an econometric
point of view.

The paper is organized as follows. Section 2 reviews the theoretical bases of



the method, and in particular the unilateral representation theorem of Whittle
(1954). Section 3 analyses the unilateral approximation of conditional models
according to the approach of Besag (1974), and then extends the method to
simultaneous processes. Moreover, it illustrates some issues related to the
generalisation of the unilateral approximation method, and in particular shows
how regressors can be included into the analysis. Finally it focuses on the
estimation of unilateral models both from a statistical and computational point
of view. Section 4 illustrates the Monte Carlo simulations performed in order
to study the finite-sample properties of the unilateral estimates, and discusses
the results. Finally, Section 5 concludes.

2 The Unilateral Representation Theorem

The feature characterizing stochastic spatial processes is the bilaterality of
the dependence structure. This means that if we have a spatial process {&s+}
defined on a regular lattice §, and if the value &;; in a given cell (i,j) depends
on the value &y taken in another cell (h, k), in general we should have also
that &ny depends on &;j.

This trait distinguishes spatial processes from pure-time processes, where
the dependence structure is unidirectional, and the future is assumed not to
affect the past. In this sense, as noted in Whittle (1954), spatial stochastic
processes generalize pure-time stochastic processes.

It is worth stressing that the bilaterality of the dependence structure has
nothing to do with the number of dimensions of the reference space. The
transect process analysed in Whittle (1954) and Besag (1972) is an example of
unidimensional bilateral process, whilst multivariate time processes like the
multidimensional brownian motion (see e.g. Karatzas and Shreve 1991, p. 72)
or the vector autoregressive models (Hamilton 1994, ch. 11) are examples of
multidimensional unilateral processes.

The estimation of most spatial models may be awkward due to the bilateral-
ity of the dependence structure, which makes the evaluation of the likelihood
function computationally demanding. The unilateral approximation approach
benefits from the reduced computational complexity of the MLE of unilateral
processes in order to estimate the parameters of a given bilateral process.

A spatial stochastic process on a lattice § is “spatially autoregressive” if the
value of the process in any cell (s, t) depends on the value taken by the process
in any (one or more than one) other cell of § (Cressie 1993, pp. 402-410).

A spatial autoregressive stochastic process {&s¢} is said to be “unilateral”
whenever the conditional probability IP(&st | £ij, (i,) # (s,t)) in any location
(s,t) of the lattice § depends just on a set of locations identified according to a
directional criterion. These locations are called “predecessors” (Besag 1974).

Figure 1 shows a criterion to identify the predecessors of a cell on a regular
lattice. In that case, the cell (i,j) is a predecessor of a given cell (s, t), if either
j<torj=tandi < s. In this paper we adopt exactly this definition of
predecessor.

The idea of fitting a bilateral spatial model through a unilateral approxima-
tion relies on a representation theorem due to Whittle (1954). Hereinafter we
briefly summarize this result and refer to Whittle (1954) for technical details.
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Figure 1: The (s, t) cell (black-coloured) of a regular lattice and its predecessors (gray-
coloured cells). Coordinates of the cells are set according to the matrix indexation.

Let the translator operators Ty and T, along the directions 1 (vertical) and 2
(horizontal) be defined as follows:

htks _
TV T3 Est = Esint+k s

for any h,k € Z. We can express any simultaneous autoregressive spatial
process {&s¢} defined on a rectangular lattice as:

L(T1/T2) Evst = Est, (1)

where {5t} is a zero-mean iid process on the lattice, and L is a function such
that:

400 +o00
LT T2)= ) ) anTMTS,
h=—o00 k=—c0

for some {an} € R*. . _
If we consider the following Fourier expansion of [L(el®1,et®2)]=T with
respect to wy and w;:

; — Jio Jio b eihw1+isz
L(eiw1,eiw2) M hk 4
(1) can be restated as:
Est +o00 +o0
Est = 70— = Z Z bhi €s+h,t+k - (2)

LM, T) | = =
This, according to the definition of spectrum (see, e.g. Brockwell and Davis
1991, ch. 4), allows one to prove that the spectrum F equals:

o2

L(eiw] , eiwz) L(e*i“” , e*iwz)

F((,U],(,Uz) = :\y(eicU],eiwz)’ (3)



where ¥(z1,z7) is the autocovariance generating function (a.c.g.f.) of the
process {&s}).

The unilateral representation theorem of Whittle (1954) states that any
bilateral spatial process {&s¢} in the form (1) has a unilateral representation if
the log-transform of the spectrum F(wq, w) of {&s¢} has a Fourier expansion.

In particular, if:

“+o00
InF(w7,wy) Z Z opy ethwrFikewy

h=—o00 k=—00

we define a new function P(zq,z;) as follows:

%00 1 h +o00 1 h_k
B4 o Xh0o ZT D) e oo XhK Z z}
P(Z],Zz)_ [2 Zh oo *ho 27 Zh ooZk 0 142 .

Noting that F(—w7,—w2) = F(wy, w;) implies anhx = &_h _k, We can
recognize the following relation:

1

P(eiw] , eiwz) P(e—i(,U1 , e—iwz)

Flwy, wy) =

as an identity. Thus, we define a new autoregressive spatial process {(st}:
P(Tq,T2) Cst = &st

which is unilateral and shares the same correlation structure of {£4¢}.

The unilateral representation theorem allows one to estimate the parameters
of a bilateral process by fitting the associated unilateral process and then
computing the original parameters according to a proper reparametrization.

However, the aforementioned reparametrization requires the Fourier coef-
ficient of InF(w1,w;) to be available in analytic form. This means that a
closed-form solution of the following integral must exist:

7T 7T
Ok = —ZJ J InF(wq, wy) e M@r—tkwa gy dw, .
™ J_nl-m

As Whittle (1954) stresses, this calculation may be quite complicated (if not
impossible) even for the simplest bilateral processes, and makes the application
of the representation theorem tricky.

3 Unilateral Approximation of Spatial Processes

3.1 Approximation of Conditional Processes

The problems in deriving the unilateral representation of a bilateral process
are partially overcome in Besag (1974), where it is suggested a method to
obtain a sequence of simultaneous unilateral processes approximating a given
conditional bilateral process.

Besag (1974) considers the following conditional process:

E (&st | &ij, (L)) # (5,1)) = p1(Es—1t + Es1,0) +02(Est—1 + Ese1) (4)
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defined on an infinite regular lattice. As shown by Bartlett (1975, p. 23), the
a.c.g.f. W of the process (4) is such that:

o2

[1—pi(z +20)—palzz " +22)]

Yelzy,22) =

(5)

The method suggested in Besag (1974) requires that we construct a sequence of

unilateral processes {Eg?} such that their a.c.g.f. {WQ”} converges towards (5)
as n diverges. In particular, as we will see in the next pages, Besag (1974)
focuses on the denominator of the a.c.g.f. and constructs the sequence of
unilateral processes such that the normalized denominator of their a.c.g.f.
converges towards the denominator of (5). The denominator normalization of
the unilateral a.c.g.f. consists in a rescaling which makes the constant term of
the denominator equal to one.

As a first unilateral approximation, Besag (1974) considers the following
simultaneous process:

1 1 1
E‘it) = b] ‘Eg,)] 1t + bzai,t),] + Est, (6)

where the independent variables coincide with the predecessors on the right-
hand side of (4). Since the process (6) is of type (1), according to (3) it has an

a.c.g.f. yl proportional to:
—1
[(] —b1z?1 —bzzg]) (] —bi1zq —szz)} =
- [1 +b2+b3—by(z7 " +21) —balzy | +22)+
—1, -1 -1
+b1b(z1 z,  +2z4 Zz)} .

If we divide both the numerator and the denominator of the a.c.g.f. yl by
1+ b% + b%, we obtain the normalized form of the denominator:

b 1 by —1
1—————— (27 +z1) - ——5——(z; +z2)+
[ 1+b%+b§(z‘ #1) 1+b%+b§(22 #2)
-1
biby 1, -1
——=——(z125 ' +2z7 'z ,
]+b%+b%(12 1 2) (7)

that can be directly compared with the a.c.g.f. (5) of the conditional process (4).
Hence, once the model (6) is fitted, Besag (1974) suggests the following
estimators of p; and p;:

61 62

x5 A5 s ﬁzu]:ﬁr (8)
2 2 4 2 2
1+by+b3 1+by+b5

P11 =

whilst, because of normalization, the innovation variance estimator becomes:

2 1 2

62 = ——5 062,
R AT
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where b1, b, and 62 are the MLE of process (6), and the subsctipt “u1” denotes
that the estimators derive from the first unilateral approximation.

Unfortunately, estimators (8) are not accurate, because the terms in z; z?
and z; ' z; of (7) make the approximation wi of W, fairly poor.

In order to improve the approximation of ¥, Besag (1974) fits the following
unilateral process:

2 2 2 2
Eit) = by E’ijl,t + bZEi,t)q +b1b2£’i+)1,t71 +Est. )
This includes also the autoregressive component Eii]uf] , which corresponds

to the predecessor along the direction identified by terms z; Zz_] and z]_] z)
in (7). Moreover, the parametrization adopted in (9) allows to cancel out

the terms in zq 251 and zf] zy from the associated a.c.g.f. ‘sz) , which can be

derived and normalized like W', and is proportional to:

b1 (1—1b3) b,

| —1
- T ol gl B A Tl plp2 B2 TRt
1+by+b5+bibs 14+by +b5+bybs
bIb -
192 -2 2,1
+ z1%z2+ 272 . (10
T2l pplpg o 2 AR ) (0)
The unilateral estimators implied by (10) are:
Pruz = 0101 —b3) (112)
uz 62 162 + H2p2
1+b7+b5+b7bs
. b,
P2,u2 = 525 7373 (11b)
1+by +b5+bgbs
1
62, = 62 (110)

o%.
2 b2 Ph2p2 F
1+b7+b5+b7b3

2,—1

According to Besag (1974), it is possible to remove the extra-terms z7z;
and z; 2z, in (10) by means of the following third unilateral approximation:

3 3 3 3 3
et =01+ oae il bibae i bae e, (2)
whose a.c.g.f. ‘1’&3) is proportional to:

by —byb3 —b3 b3

B by,
1— 1 (211+Z1)—Fz(lz]+22)+
—1
b2 b2 _ b3 b, _ —
+2 (2 )+ (B 42 %) |, (13)

d d

Tt is worth noting that any term z}'z determines a direction on a two-dimensional lattice
with respect to a given cell. It is possible to describe the opposite direction on the same (straight)
line by simply computing the reciprocal (z7"z5*).
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where d=1+b% +b3 + b? b3 + b] b3.

From the fourth approximation on, the correlation structure of the unilateral
process becomes increasingly complicated and the a.c.g.f. includes more and
more extra-terms. As a consequence, it is necessary to introduce an increasing
number of predecessors in order to remove the unwanted spatial effects implied
by extra terms.

In fact, Besag (1974) claims that it is not worth going beyond the third
unilateral approximation, since higher-order approximations will not lead to
better estimates of the parameters. This fact is not surprising if we observe
that the coefficients of the extra-terms in w&“) are monomials in by and b
having a degree increasing with n. Since we assume [p1]|+ [p2] < 0.5, the
magnitude of the extra-term coefficients decreases as the order of the unilateral
approximation increases.

Condition [p1]+[p2| < 0.5 is sufficient to guarantee the invertibility of the
matrix Ay, defined in Section 3.4 and the positive definiteness of the covariance
matrix of the obervations in a sample drawn from {&s¢} on a finite lattice. In
particular, this condition represents the counterpart of:

1/)\min <p< ]/)\max;

derived in Ord (1975) for an isotropic process (wWhere p = p; = p3), beeing Amin
and Amax the minimum and the maximum eigenvalue of the weight matrix W.
The proof of the condition [p1|+ |p2] < 0.5 is provided in Appendix A.1.

Equations (10) and (13) allow us to catch a peculiarity of the a.c.g.f. of the
approximating unilateral processes: the asymmetric role of the vertical (z1, and
z;'') and the horizontal (z, and z; ') directions. This asymmetry in the a.c.g.f.
depends on the definition of predecessor adopted, and results in different
functional forms of the unilateral estimators, as equations (8) and (11) show.

This lack of symmetry becomes more apparent and problematic whenever
we have to fit isotropic models. Suppose, for example, that theoretical reasons
or a formal statistical test (see Arbia, Espa and Bee 2013 for a parametric test,
and Guan, Sherman and Calvin 2004 for a nonparametric approach) suggest to
assume the data-generating process as isotropic. In such a case, equation (4)
becomes:

E (&stl&ij, (13) # (s,1) = p1(Es—1t + Esi1e + Es 1+ Es 1),

and in the unilateral approximations we should set b, =b7. As a consequence,
estimators (11a) and (11b) become respectively:

61 76% 61

—— s 0 = 75 =7/ 1
14262 164 P12 = 7262 1 4 (14)

Pruz =
and it would not be clear anymore which of these estimators we should use.

This problem occurs again with the third and higher-order unilateral ap-
proximations, and can be tackled in three different ways.

The first solution consists of choosing between one of the estimators (14)
according to their theoretical properties. Since we do not know either their
asymptotical or finite-sample properties, this is not a viable solution.

Alternatively, we may properly modify the approximating process (9) by
adding a further regressor with a suited parametrization. For example, we
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may choose the following unilateral process:

1
™ =01+ b2E T F bibaE T - Soi b2t e, (19)

which has an a.c.g.f. proportional to:

by —1b1b3 by — 1630
1 ,#(271 T2q)— #(Z? o)t
d d
1 2
>b1b bib
+ 2 21 2(2?‘251 +2123) + Z(Z]*zzz +z%z;1)+
-1
11,212
>bib
+2712(zf2+z12) , (16)

d

where d=1+ b% + b% + %b%b%. However, the a.c.g.f. (16) has two more extra-
terms than (10), and is less accurate, since it contains the extra-terms zf] zg]
and z7z, with coefficients having the same order of approximation of (7).

The approximation (15) can be improved by cancelling out the extra terms
of (16) as previously described. Nevertheless, although we cannot provide
a formal proof, we are persuaded of the impossibility of both achieving the
functional symmetry between the estimators of p; and p,, and improving the
accuracy of the approximation of the a.c.g.f. by means of a reparametrization
based on polinomials in by and b;.

Finally, the third solution to the functional asymmetry of the unilateral
estimators consists in deriving an approximated expression of the estimators.
This method leads to “isotropic-compatible” estimators, and will be illustrated
for simultaneous processes in the next section.

3.2 Approximation of Simultaneous Processes

As said before, spatial econometrics relies on the simultaneous rather
than conditional modelling of stochastic spatial processes. The difference
between these two specifications is discussed in Whittle (1963) and Cressie
(1993, p. 402 ff.), while Brook (1964) clarifies some details about the relation
between these two modelling approaches.

In this section we tackle the problem of deriving the unilateral approxima-
tion of bilateral simultaneous processes.

Let us take the following isotropic simultaneous process as a reference
example:

Est = AEs—1t &1t +&st—1 + &se1) Hust, (17)

where {us¢} is an iid Gaussian process such that usy ~ N(0, o?). According
to (3), the a.c.g.f. of (17) is equal to:

o2

Ys(z1,22) = (18)

-1 -1 27
{1—)\(21 +z1+z, +zz)]
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where z; =e'®1 and z; =e'®2. By expanding the denominator of (18), we
obtain the following equation:

Y(z1,22) =02 [1 +4N? — 2\ (2 +ZT] +2z3 +zg1)+
A (22 2t 2 0+
2 . — 117!
+2N (2122 + 2125, +2) 22+ 27 'z, )} ’ (19)

which can be taken as the a.c.g.f. of the conditional process equivalent to (17)
(Bartlett 1975, pp. 24-25).%

The function (19) shows that, unlike the conditional process (4), the coeffi-
cients in the a.c.g.f. of bilateral simultaneous processes are not independent.
This means that the approximating unliateral process must be consistent with
the functional relations amongst the coefficients (e.g. the coefficient of mixed
terms has to be twice as the coefficient of squared terms). This is probably the
hardest problem to overcome in deriving the unilateral approximation of a
simultaneous process.

We tackle the problem in three steps. First, we construct an overparamet-
rized unilateral process with the predecessors we want to include in the a.c.g.f.
Second, we derive the parametrization which best approximates the a.c.g.f of
the bilateral process. Third, we normalize the a.c.g.f. of the unilateral process,
and derive the (approximated) unilateral estimators.

As a first unilateral approximation of the process (17), we consider the
following:

(1) (1) (M (1) (1)
E'st = b1 (‘Z‘sf],t + ‘Es,t71> +b2 (E‘sfl,t + ‘Es,tfz) +
1 1
+b3£‘i—)1,t—] +b4£‘i—0—)1,t—1 +5st/ (20)

which includes all the predecessors in (19). The a.c.g.f. of the unilateral pro-
cess (20) is:
Wi (2;,2;) =02 [1 +2b3 +2b% + b3 + b2+
—(by —byby —bybz —bybs)(zy +27 ')+
—(by —byby —byb3)(z2 +25 ') — (ba —b3ba) (2% +2,2)+
—bz(z§ +zz_2) — (b3 —baby)(z122 —&-z]_]z;] )+
—(bg — b% —2b2b3)(l1251 +z?122) +b1ba(z4 z;z + zf]z%)—l—
+ b%(z%zgz JrZTZZ%) + (b1by + b1b4)(z1zz£1 +ZTZZZ)+

-1
+b2b4(z?zg1 +z?322)} . (21)

It should be noted that in Bartlett (1975, p. 25) there are some typos. In equation (36) the
coefficient of the mixed terms (z1z3, z1 Z;] , zl’l z2, and z]’] zz’l) should be 2313, instead of
31 B2. Moreover, 5 should be defined as follows:

23132

Y= Ty 2p7+ 283

whereas in Bartlett (1975, p. 25) the coefficient 2 and the negative sign are missing.
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As (21) shows, the unilateral simultaneous process (20) has a rather complic-
ated a.c.g.f. which implies various forms of anisotropies and includes several
extra-terms (z1 22_2, z%zz_z, z%zz_], 2?22_1, 21_12%, z?zz%, 21_322, 21_322) with
respect to (19). Moreover, the coefficients of the a.c.g.f. (21) do not agree with
the functional relations in (19).

These problems are partially overcome if we set b, = —%b%, b3 = —%b% and

bs = ;b? in (20). The resulting unilateral process is the following:
(1) (1) (1) T2 (e
E'st =b (5‘5—1,t+£s,t—1> 4b (E’s 2t+E‘st 2>+

T2/ (M
—370 (E‘s 11 E’s+l,t—1)+65t’ (22)

and the a.c.g.f. is:

v (21, 25) 02[1+2b2+ Zbd+

1
Zb?) (z125 —&-21 ]z%) + (16b4> (2122 +zl_zz§)+
1.3 2 1.4 -
<4b >(Z122 +z7z2) + <_§b )(z1z2 +z7 zz)] .
(23)

It may be noted that the a.c.g.f. (23) is consistent with the a.c.g.f. of the
bilateral process (17) up to the second order of infinitesimal, except for the
coefficient of the constant term:

1 2
Wi (21,25) =0 [1+8< b1 + o(b? )) +
(1 2 1 1
2 2b1+0(b1) (z1+zy +z2+2z, )+
1 2
+ <7b1 —&-o(b%)) (25 + 272+ 25 +2;2)+

2

2

+2 (2b1 +o(b7 )) (z122 4-7,1_1751 —1—7,17,2_1 —&—21_]7,2)—5—

+0(b%)(z1 22_2 —5—21_12%) +0(b3)(z1 z5 —i—z1 Zz%)—&-
-1

+0(b%)(z$z£1 +zfzzz) +0(b?)(z?z;1 +z?3zz)
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In order to derive an estimator for A, we normalize the a.c.g.f. (19) as
previously described:

2\
C144A2
}\2
MEEwTY:

2A?
e

Ye(z1,22) o |1 (z1+z?1+zz+z§1)+

(22 +272+25 +250)+
—1
(z122 +z1zg] +zf1zz +zf1z£1) ,

and we note that:
W, (21,22) [1 -2 (?\Jro(?\z)) (z1 427 +z2+23 )+

2
+ (7\ +0(7\2)) (z% +z1_2 +Z§ + ZZ_Z)Jr
2 -1
+2 (7\+0(7\2)) (z122 +z1z§1 +zf1zz +z?1z§1) . (29)

If we normalize the a.c.g.f. (23) of the unilateral process (22), we get:

1
v (z1,2,) O<[1 -2 (Eb1 +o(b%)> (z1+27 " +za+2; )+

1 2
+ (Ebl +o(b%)> (z% —&—7.1_2 +25 —1—7.2_2)-1—

1 2
+2 <§b1 —Q—o(b%)) (z122 —&-171151 +z1zz1 —&—zf]zz)—i—
+0(b%)(z1 z;z +z?1z% +z%z§1 +z?222)+

—1
+o(br’|’)(z%zz’2 +z1’22%) —&-o(b?)(z?zzf1 +Zfszz) , (25)

that perfectly fits the a.c.g.f. of the bilateral process (17) up to the second order
of infinitesimal.
Hence, we have the following unilateral estimators:

R 1.
Aul = =b1,
ul 7 1
1
A2 A2
Ou1 = O/

2 514
14262 + 564

where b7 and 62 are the MLEs of the parameters of the unilateral process (22).
We can improve the first unilateral approximation (22) as follows:

(2) (2) (2) 1.2/7:(2) (2)
&g = b1 (Esfl,t + ‘is,tq) - Zbl (Esfz,t + as,tfz) +

T.2(:(2) (2) T.3(:(2) (2)
—350 <£s71,t71 - E’s+1,tf1) vl (E’er],th - E’s+2,tf1) test. (26)
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Similarly to the previous case, the normalized a.c.g.f. of the unilateral
process (26) is such that:

1
w2 (2,,2,) 0([1 -2 (Eb‘ +o(b$)) (1427 +z2+2; )+

1 2
+ (2b1 +o(b%)) (212 +ZT2 +z% +z£2)+

2
1
+2 (7b1 +o(b%)) (z122 +zf1z§1 +z1z§1 +zf1zz)+

2
+ o(b?) (z%z;1 + zfzzz) + o(b?)(z%zgz + z?zz%)—i-
+ o(bi?’)(z%zz1 + z?3zz) + o(b?)(z%z;z + ZT3ZEZ)+
-1
+o(b)(ziz; ' + 217422)} , (27)
and the associated estimators are:
o 1A
A2 = §b1 ,
2 1 "2

(o) = ~ ~ ~~ 0% .
Y2 14262 4 569 4 168 ¢

If we compare (25) with (27), we note that in the latter there are no terms
in zq z;z and zﬂ z%, while the coefficient of the extra-terms z; z;z and zf] z%
is o(b?) instead of o(b?). Although the a.c.g.f. (27) of the second unilateral
approximation has two extra terms with respect to (25), their coefficients are
of order o(b‘]l). Hence, the second unilateral approximation (26) approximates
the spatial dependence structure of the simultaneous process (17) better than

the first unilateral approximation (22).

3.3 The Unilateral Approximation in More General Frame-
works

Hitherto, we have analysed how to apply the unilateral approximation
approach to some very specific spatial processes. Nevertheless, these results
may be virtually useless from an econometric point of view, mainly because of
their specificity.

In this section, we provide the framework for applying the unilateral
approximation technique to more general processes and deriving higher-order
approximations. Moreover, we illustrate how to introduce regressors in order to
consider their effect on the variable to be modelled. Finally, we briefly illustrate
the application of the unilateral approximation approach to non-rectangular
lattices.

3.3.1 Unilateral Approximations of General Bilateral Spatial Processes

In order to construct unilateral approximations of any spatial process, we
consider the following n-order unilateral process:

LM, T) e = eg, (28)
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with L") defined as:

MM, T)=1- Y oWV T,
(u,v)eR

where {agl,)} € R is the sequence of coefficients of the n-order unilateral ap-
proximation, whilst 3 = {(u,v] €eZ?>:v<OV(u<0Av= 0)} =(ZxZ_)U
(Z_ x{0}).

According to (3), the a.c.g.f. of the simultaneous process (28) is:

o2

L) (2'1 122) L) (Z?] /Z’E] )

W(n) (Z1/ZZ) = s (29)

and, after some algebra, we obtain the following equation for the denominator
of the a.c.g.f. (29):

L (2, zz)Lm)(zT1 z;l) =

=1+ Z (auv ) Z alny) (27 %z, ¥ + 2y 23+

(uv)eP (wv)ep
+ Z Z aly a}(:;) (23 M2y R R VTR L (30)
(uv)ep h<u
kgv
(hk)#(u,v)

It is worth noting that the first summation in (30) along with the constant term
1 represents the normalizing constant of the a.c.g.f.

In order to derive higher-order unilateral approximations of a given process,
it is necessary to add new predecessors by setting their coefficient al(fb) to a non-
zero value. Such a value changes according to the process to be approximated.
For example, if we want to cancel out the z3 z’i and zfszgt extra-terms from

the a.c.g.f. of an approximating unilateral process, we should set:

=3 Y aVay (31)
(u,v)ep h<u

kgv

(hk)#(w,v)

h=+(s—u)

k=%(t—v)

Equation (30) allows one also to catch two interesting features of the unilat-
eral approximation approach.

First, as definition (31) proves, it is always possible to construct a unilateral
process having an a.c.g.f. without any given extra-term, provided that this is
allowed by any functional restriction on the a.c.g.f. coefficients. This property
is particularly important, since it implies that there always exists a sequence

of unilateral processes {&g?} with an a.c.g.f. having the coefficients of the
extra-terms converging towards zero as n goes to infinity.

Second, if the coefficients alfy of the unilateral processes are polynomials
without the constant term, the mixed-terms of the a.c.g.f. (terms in double
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summation) are polynomials having a degree higher than the minimum de-

gree of the agb) coefficients. This property allows one to know the order of
infinitesimal of the non-zero coefficients of the a.c.g.f., included the extra-terms.

Now the application of the unilateral approximation method to a generic
bilateral process should be more clear: if the process to be approximated
has a simultaneous specification, we should derive the equivalent conditional
process, and approximate the latter by means of the aforementioned procedure.
In particular, we should choose a suitable set of predecessors and define the
related parametrization according to the functional parameter restrictions and
the required level of accuracy.

As we have previously mentioned, identifying the set of predecessors and
the best prametrization is the hardest problem we cope with when there are
some functional restrictions amongst the coefficients of the a.c.g.f. Unfortu-
nately, this problem has not a general or ready-to-use solution, and each kind
of spatial process requires its own parametrization.

3.3.2 Unilateral Approximation with Regressors

The second issue we discuss in this section is the inclusion of regressors in
our analysis. Namely, we may be interested in analysing the behaviour of a
spatial stochastic process {yst} considering also the effect of k other variables
or processes {xst} (with xs¢ € R*) on {yst}

Since the spatial processes we considered so far were zero-mean, we may
include the exogenous explanatory variables by interpreting the process {&s¢}
as:

T
E‘St = UYst _Xstﬁl

where B € R¥ is a vector of regressor coefficients.

This trick allows one to include the regressors in the analysis consistently
with a broad range of spatial models. In Section 4 we illustrate two applications
of this method.

3.3.3 Unilateral Approximation on other Lattice Structures

The last issue we consider in this section concerns the generalization of the
unilateral approximation method to other regular non-rectangular lattices.

Although the rectangular lattices are by far the most used lattices in spatial
analysis, in some cases it may be useful or necessary parcelling out the reference
space in a different way.

We single out two basic features a lattice should satisfy in order to make
the application of the unilateral approximation method possible:

(i) all the cells of the lattice should be congruent;

(ii) all the cells of the lattice should have their adjacent cells along the same
directions.

Whilst the first requirement is clear and reasonable, the latter may be more
obscure.

Let us take the Euclidean plane as an example. An elementary result
geometry guarantees that there exist only three tessellations of the plane based
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on congruent regular figures, and these figures are the equilateral triangle, the
square, and the regular hexagon.

Whilst the square and the regular hexagon satisfy the requirement (ii), the
equilateral triangle does not. Given any cell of a rectangular lattice, we find
its neighbours moving up, down, to the left, and to the right, and this pattern
is the same for all the cells of the lattice. Analogous considerations hold for
the hexagonal lattice. On the contrary, if we consider a cell of a triangular
lattice having a neighbour at the bottom (we are moving along the y axis in
a xy coordinate system), this second cell does not have any neighbour at the
bottom, whereas it has one neighbour at the top (the first cell).

If requirement (ii) does not hold it is impossible to model any process by
means of a single unilateral equation. In the case of a triangular regular lattice
the cells would be bipartite in two groups according to the direction of the
neighbourhoods.

3.4 MLE of Unilateral Approximations

The unilateral estimators illustrated in the previous sections are expressed
as function of estimated parameters of some unilateral process. In this section
we illustrate how to fit the parameters of a unilateral process by means of
MLE, and how the covariance matrix of the unilateral estimates can be derived.
Moreover, we analyse the computational complexity of the log-likelihood
function evaluation both for unilateral and bilateral models.

In general, we can restate any unilateral model in matrix form as follows:

(I—ij(b)wj)(y—xﬁ) =g, (32)
j=1

where Wj € R™ ™ is the contiguity matrix with the j-th predecessors, v is the
number of terms in the summation, and fj is the function of b = [b;, ..., bl T
defining the coefficient of the j-th predecessor. If A, =1— Z]- f;(b)Wj, we have
that:

y~No (XB, 02(ATAG) ), (33

and thus, the log-likelihood function is:
1
In£(b,B,0%) = =3 In(2m0%) — 5 (Ao [y = XB)I" Au (y = XB)],

where the log-determinant term In|Ay| does not appear because the matrix Ay,
is lower triangular with unit diagonal, and its determinant equals one.

For example, the log-likelihood function of the second unilateral approxim-
ation (9) of the conditional process (4) is

In£(by,ba, B, 0%) = —% In(2mo?)+

- L Z [(yst - Bxst) —b; (Usfl,t - E’Xsf],t)'i‘

202
s, t

2
—b2(Yst—1— Bxst—1) —b1b2(Ysr11—1 — Bxsi1,e-1)]" , (34)
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being f1(by,b2) = by, f2(by,b2) = by, and f3(by,bz) = bib,, whilst the
matrices W7, W3, and W3 contain respectively the predecessors T; L T ! and
TiT, " of the cells.

As we have previously mentioned, it is always possible to sort the observa-
tions of a sample such that the contiguity (or weight) matrix of predecessors
is lower triangular. In particular, given a regular rectangular lattice with n,
rows and n. columns, if any cell with coordinate (s, t) is given the position
Ppst computed as follows:

pst = (t—T)n, +s,

it may be easily verified that any predecessor (i,j) of the (s,t) cell occupies a
position py; such that pi; < pst. Hence, the non-zero elements of the weight
matrix must lie to the left of the main diagonal, and the same must be true
for each Wj matrix. As a result, the matrix Ay is lower-triangular with unit
diagonal.

We have just illustrated how to derive the MLEs of the parameter of the
unilateral approximating process, however we are intersted in fitting the para-
meters of a bilateral process.

In the previous sections we introduced the unilateral estimators as a func-
tion of the MLEs of the parameter of a unilateral process in the form (33).
This formulation of the unilateral estimates suggests a two-stage estimation
consisting of a ML fitting of the model (33), and a subsequent computation of
the unilateral estimates. This is exactly the way we suggest to fit the unilateral
approximation process.

A one-stage MLE of a reparametrized model of type (32) is usually unfeas-
ible because of non-invertibility of the unilateral estimators. Nevertheless, the
invariance property of the MLE (Severini 2000, p. 96) allows us to consider the
unilateral estimates as the MLEs of the reparametrized process.

Finally, if we indicate with 8., the vector of unilateral estimates, with Oy g
the vector of MLEs of process (32), and with f the vector of unilateral estimators,
we have (by definition) that:

0u = f(OmLE) -

Hence, we have the following relation between the Fisher information matrix
J(32) of the model (32) and the Fisher information matrix Jy, of the reparamet-
rized model:

T62(8) =TT Ju(f(6)) ],

where ] is the Jacobian matrix of the function vector f.
The last equation allows us to conclude that:

cov(fy) = [*Ju(f(éMLE))r1 =] [*%z)(éMLE)T] J' =7 cov(®mie) J*-

The Jacobian matrix is computed thanks to the properties on derivative of
inverse functions.

As we have repeatedly stressed, the unilateral approximation approach
represents an interesting alternative to the MLE because the evaluation of
the log-determinant is not necessary (the log-determinant is always zero),
however it is useful to have some more details about the actual gains in term
of computational complexity achieved by this method.
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The likelihood function of spatial econometric models based on Gaussian
innovations has the following form:

n(e, B)
2062 '

InL(a, B,02) = f%m(ZmZ) +yIn[Bol —

where « is a vector of spatial autoregressive parameters, v is a constant which
usually equals 1 or 1/2, B4 € R™*™ is a matrix depending on «, and 1 is a
function which often coincides with the sum of squared residuals.

For the CAR model and SEM we illustrate in Section 4.2 and 4.3, and the
unilateral model (32), we have the following n functions:

nlp,B) = (y—Xp)T(I—pW)(y —XB),
N B) = [(T—AW) (y — XB)IT [(I—AW) (y —XB)],
n(b, B) = [Ap(y — XB)I" Ay (y — XB)] .

It may be worth reminding that, given any two matrices A € R"™* and B €
R**9, the number of elementary operations (summations and multiplications)
required to compute the matrix product AB is v(2k —1)q.

Hence, it may be easily verified that the number of elementary operations
needed to compute 1 in CAR model and SEM equals 4n? + (2k—1)n—1, whilst
the 1 function of the unilateral models requires 2(v + 1)n? + (2k — 1)n — 1
elementary operations.

Thus, the computational complexity of the matrix computation of n function
is O(nz) for all three models, and it may be verified that the same is true also
for other spatial models where 1 does not contain any matrix inversion. This is
the case, e.g. of the SAR model and the Durbin model (LeSage and Pace 2009,
ch. 1).

Instead of computing 1 by means of matrix algebra, it is possible indexing
the predecessors over the sample, and compute 1 through vector operations. An
example of such an approach is explicited in the log-likelihood function (34).
It can be verified that the computational complexity of this approach to n
evaluation is O(n).

Since terms —% In(2m0?) and 2]? are shared by all the log-likelihood
functions and their computational complexity is independent of n, whilst the
evaluation of n is O(n), the computational complexity of the evaluation of the
likelihood function depends on the log-determinant.

The determinant evaluation of a n x n matrix by means of the Laplace
rule is O(n!), however if computed it by means of the LU decomposition, the
computational complexity is only O(n3).

As a result, the exact likelihood evaluation of the CAR model and the SEM
is O(n3), whilst the computational complexity of the likelihood function of
a unilateral process is O(n). This means that, as the sample size increases,
the number of elementary operations required by the evaluation of the exact
likelihood functions increases according to a power law of order three, whilst in
the case of the unilateral approximation, the number of elementary operations
grows only linearly. This property is particularly important if we consider that
the MLE of these models is based on numerical optimization routines which
may require several evaluations of the log-likelihood function.
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It is worth noting that the computational complexity of a numerical problem
depends only on the very nature of the problem and the algorithm used to
implement it. This implies that it is independent of the hardware and software
features of the computer used to solve the problem, and this makes it a suitable
criterion for comparing the comptuational efficiency of different estimation
methods.

4 Simulation Study

4.1 Simulation Design

We have performed a Monte Carlo simulation experiment aiming at com-
paring the finite-sample properties of the unilateral estimators and the MLEs
on various lattice sizes, parameter values, and model specifications.

We have simulated and fitted 300 times both a conditional (CAR) and a
simultaneous (SEM) spatial process on three different lattice sizes (10 x 10, 20 x
20, and 60 x 60) with seven different values (0, 0.04, 0.08, 0.12, 0.16, 0.20, 0.24)
of the respective autoregressive parameters (p for CAR, and A for SEM). Hence
the overall number of different models is 42, each simulated and fitted 300
times by means of MLE (only on 10 x 10 and 20 x 20 lattices), and unilateral
estimators (all sizes for the CAR, just the first and the second for the SEM). In
total, 39 900 models have been fitted.

All the simulated models include one exogenous explanatory variable, and
share the same value of the regressor coefficient 3 = 1 and the innovation

variance o2 = 1. Given a n x n lattice, the regressor vectors X € ]RTLZ %1 have
been drawn from a N, 2 (0, I) distribution. All the models of the same class
(conditional or simultaneous) and with the same lattice size share the same
regressor vector X.

We have performed the simulations by means of a dedicated server with
an Intel® Core™ i3-2130 CPU (3.4 GHz, dual-core, 4 threads, 64 b), RAM 8 GB,
operating system Debian 7.5 stable (Wheezy). The hardware and software
features of the machine guarantee that the actual computational capacity is
stable over time (e.g. it was not affected by energy-saving devices currently
implemented on all personal computers), and this allows one to obtain reliable
measures of computation times.

4.2 Monte Carlo Simulation of Conditional Models

The simulations of the conditional models are based on the following spatial
process:

E(yst | Yij, (1,3) # (s,1) = Bxst +p [(ysfl,t — Bxs—1,0)+
F(Ys+1,6 = BXs1,6) + (Ys,t—1 — BXs,t—1) + (Ys 141 — BXs, 141 )] , (353)

which is the isotropic version of (4), where &gt = yst — PXst.
The conditional expected value (35a) along with the condition:

Var (yst|yij, (1) # (s, 1)) = 02, (35b)
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(for any (s,t)-cell of the lattice) carachterize the spatial model known as
Conditional Autoregressive (CAR) model (Wall 2004). According to the CAR
model, we have:

y~No (X8, *(1—pW) "),

where n is the number of cells in the lattice, and W is the contiguity matrix
associated to the lattice.

4.3 Monte Carlo Simulation of Simultaneous Models

The simultaneous model we opt for the simulations is the following:

Yst = Pxst +A [(9571,t —Bxs—1,t) + (Ys1, — Bxst1,0)+
F(Ys,t—1 = BXst—1) + (Us,t41 — BXs,t41 ” +est, (36)

which is known as Simultaneous Autoregressive (SAR) model in spatial stat-
istics (Wall 2004; Cressie 1993, p. 406), and as Spatial Error Model (SEM) in
spatial econometrics (LeSage and Pace 2009, p. 32).

The relation between process (36) and the SEM can be proved by writing
the matrix equation that describes the process (36):

y=Xp+AW(y—Xp)+c¢,
and deriving its reduced form:
y=XB+(I—AwW) 'e.
Defining u=y — Xf3, we have the usual definition of the SEM model:

y=Xp+u
u=AWu+e ,
€ ~Nn (0, 021)

where, as usual, n is the sample size.

4.4 Results

The results from Monte Carlo simulations of the CAR model (35) are
reported in Tables 1, 2, and 3.

If we analyse how the bias of the parameter estimators changes with respect
to p, we can observe that the bias of the unilateral estimators is much more
stable and closer to zero than the MLE bias. This behaviour is apparent for
the estimates of p (Table 1) and o2 (Table 3), and is essentially independent
of lattice size. In particular, the results in Table 1 show that MLEs become
strongly upward biased for p > 0.16.

The RMSE of the estimates of all the parameters (p, 3, and 0?) is mostly
influenced by the bias. Namely, we have a stable RMSE of the unilateral
estimates regardless the value of p, whilst the RMSE of MLEs swiftly increases
as p exceeds 0.16. Below this threshold the RMSE of MLEs is close to or less
than the RMSE of unilateral estimates.
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Table 1: Bias and RMSE of the estimates of p computed for CAR models with different
values of the autoregressive parameter (p), and various lattice sizes. The estimates are
based on simulations of CAR models with § = 1 and o2 = 1. For each estimator the
first row reports the bias, whilst the second reports the RMSE.

p 0.00 0.04 0.08 0.12 0.16 0.20 0.24

10 x 10 lattice

. 0.0014  0.0014 —0.0051 0.0133  0.0238  0.0949  0.2548
PMLE 00733 0.0731  0.0774  0.0903 0.1129 02261  0.3754

R 0.0011T  0.0009 —0.0007  0.0102 —0.0097  0.0036  0.0162
Prul 0.1048  0.0992  0.0957  0.0965  0.0910  0.0800  0.0670

R 0.0022 —0.0007 —0.0126 —0.0051  0.0011 —0.0024  0.008
Pz 0.1050  0.1029  0.1018  0.0946  0.0916  0.0832  0.0661

N 0.0006 —0.0007 —0.0023  0.0072 —0.0156 —0.0063 —0.0024
Pluz 01023 00973 00929 00946 00897 00777  0.0653

R 0.0018 —0.0006 —0.0149 —0.0084 —0.0025 —-0.0124 —0.0126
Pruz 07027 01006 0.0994 00922 00863 0.0778  0.0621

A 0.0007 —0.0006 —0.0025  0.0067 —0.0159 —0.0075 —0.0036
Plaus 01023 00973 00928 0.0942 00895 00775  0.0653

R 0.0020 —0.0005 —0.0151 —0.0087 —0.0028 —0.0134 —0.0159
Pzus 01026 01006  0.0993  0.0921 0.0859  0.0777  0.0630

20 x 20 lattice

. 0.0018 —0.0015  0.0017  0.0000 —0.0005 0.0621  0.2548
PMLE 00347  0.0338  0.0357 0.0351 0.0378 0.1320  0.3437

N 0.0039 —0.0036  0.0035  0.0022  0.0008  0.0072  0.0216
P 0.0505  0.0493  0.0516  0.0468  0.0447  0.0390  0.0429

R —0.0004  0.001T  0.0013 —0.0001  0.0019  0.0082  0.0259
Pz 0.0482  0.0486  0.0482  0.0477  0.0447  0.0408  0.0451

N 0.0039 —0.0040  0.0028  0.0001 —0.0047 —0.0026  0.0006
Pluz 00502 00489 0.0508 0.0458 0.0439 00373  0.0378

. —0.0004  0.0010  0.0006 —0.0022 —0.0035 —0.0026  0.0018
P2u2 00479  0.0481  0.0474 00465 00426 0.0387  0.0357

N 0.0039 —0.0040  0.0028  0.0000 —0.0049 —0.0034 —0.0007
Plus 00502 00489  0.0507 0.0458 0.0437  0.0371  0.0376

N —0.0004  0.0010  0.0005 —0.0023 —0.0038 —0.0036 —0.0020
Prus 00479  0.0480 0.0474  0.0465 0.0427  0.0388  0.0360

60 x 60 lattice

R 0.0007  0.0007  0.0000  0.0020  0.0064  0.0100  0.0314
P 0.0182 0.0162 0.0165 0.0159  0.0150 0.0166  0.033

o 0.0002  0.0005  0.0010  0.0027  0.0049  0.0140  0.0303
P21 0.0175 0.0168  0.0171  0.0153  0.0143  0.0189  0.0322

continues on the next page. ..



22 4 SIMULATION STUDY

... continues from the previous page
P 0.00 0.04 0.08 0.12 0.16 0.20 0.24

A 0.0007  0.0007 —0.0004 —0.0002  0.0015 —0.0001  0.0089
Pluz 00182 00161 00163 00156 0.0133 00131  0.0138

N 0.0002  0.0005  0.0005  0.0005 —0.0002  0.0030  0.0035
P2uz 00175 00167 00170 00148 0.0129 0.0126  0.0107

R 0.0007  0.0007 —0.0005 —0.0002  0.0013 —0.0008  0.0073
Plus 00182 00161 00163 00156 0.0132 00131  0.0128

A 0.0002  0.0005  0.0004  0.0005 —0.0005  0.0020 —0.0009
P2us 00175 00167 00170 00148  0.0129 0.0124  0.0102

As for the comparison of the unilateral estimates based on the three unilat-
eral approximations, the estimators based on (6) basically have a larger bias
(in absolute value) than those based on the second (9) and third (12) unilateral
approximation. This outcome is also clear form the the RMSE of p,,; when p
is very high (0.24) and the lattice size is large (60 x 60).

In most cases, the unilateral estimates based on second and third approx-
imation are almost the same and tend to coincide as the lattice size increases.

The behaviour of the bias and the RMSE of the unilateral estimates is rather
uniform amongst the parameters, the estimation methods, and the values of the
autoregressive parameters. In particular, we observe that usually the absolute
value of the bias decreases towards zero for any parameters, any estimation
method, and any value of p as the lattice size gets larger.

The only exceptions to this pattern are the first unilateral estimates of the
autoregressive parameter when p > 0.16, the third unilateral estimates of the
autoregressive parameter when p = 0.24, and the MLEs of p when p = 0.24. In
these cases we have a little divergence of the bias from zero as the lattice size
increases.

As the lattice size increases, the RMSE of the estimates strictly decreases
for every parameter and every method at any level of p.

The results of SEM simulations are reported in Tables 4, 5, and 6.

As Table 5 shows, the MLEs and the unilateral estimates of (3 virtually
coincide for any size of the lattice and any value of the autoregressive parameter
A. As a consequence, we observe the same RMSE for each estimation method.
The only, almost negligible, difference between the bias and RMSE of the two
unilateral estimates arises on the 10 x 10 lattice when A = 0.24.

The bias and the RMSE of the estimators of 3 are very stable with respect
to the autoregressive parameter A, moreover both statistics monotonically
converge towards zero for any A as the lattice size increases.

Similarly to the estimators of {3, the unilateral estimates of A and o? are
virtually identical, whilst they are no longer close to MLEs.

As Table 4 shows, the bias of the MLEs of A is close to zero and stable with
respect to A, except the MLEs on 20 x 20 when A = 0.24. In the latter case
there is an increase. As for the MLEs of A at different lattice sizes, there is a
monotonic convergence towards zero, except when A = 0.24.

The RMSE of the MLEs of A is rather stable and slightly decreasing with
respect to A, while converges towards zero as the lattice size increases, in spite
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Table 2: Bias and RMSE of the estimates of 3 computed for CAR models with different
values of the autoregressive parameter (p), and various lattice sizes. The estimates are
based on simulations of CAR models with = 1 and o2 = 1. For each estimator the
first row reports the bias, whilst the second reports the RMSE.

p 0.00 0.04 0.08 0.12 0.16 0.20 0.24

10 x 10 lattice

)\ 0.0040 —0.0043 —0.0063 —0.0050 0.0028  0.0237 —0.0011
BMLE 01006 00988 00910 00959 00970 0.1183  0.1962

N 0.0033 —0.0047 —0.0069 —0.0064  0.0027  0.0123 —0.0072
Bu 0.1024  0.1003  0.0212  0.0956  0.0956  0.0855  0.0999

A 0.0030 —0.0047 —0.0068 —0.0061  0.0029  0.0123 —0.0080
Bu2 0.1024  0.1003  0.0918  0.0954  0.0955  0.0850  0.0991

A 0.0030 —0.0047 —0.0068 —0.0060  0.0030  0.0121 —0.0081
Bus 0.1024  0.1003  0.0918  0.0954  0.0954  0.0850  0.0987

20 x 20 lattice

. —0.0051  0.0051 —0.0008 0.0020 0.0025 0.0043  0.0047
BMLE 00510  0.0504 00521 00514 00506 0.0668 0.1643

A —0.0051  0.0052 —0.0007  0.0022  0.0023  0.0002 —0.0030
Bu 0.0508  0.0509  0.0518  0.0519  0.0512  0.0556  0.0496

N —0.0051  0.0052 —0.0007  0.0022  0.0025  0.0004 —0.0032
Bu2 0.0508  0.0509  0.0519  0.0518  0.0512  0.0557  0.0496

N —0.0051  0.0052 —0.0007  0.0022  0.0024  0.0004 —0.0032
Bu3 0.0508  0.0509  0.0519  0.0518 0.0512  0.0556  0.0497

60 x 60 lattice

A —0.0007 —0.0005  0.0003 —0.0013 —0.0007 —0.0014 —0.0011
Bu 0.0166  0.0172  0.0170  0.0168  0.0160  0.0175  0.0164

A —0.0007 —0.0005  0.0003 —0.0013 —0.0008 —0.0014 —0.0012
Bu2 0.0166  0.0172  0.0170  0.0168  0.0160  0.0175  0.0163

A —0.0007 —0.0005  0.0003 —0.0013 —0.0008 —0.0014 —0.0012
Bus 0.0166  0.0172  0.0170  0.0168  0.0160  0.0175  0.0164

of the behaviour of the bias when A = 0.24.

The MLE properties of 62 consistently derive from the properties of the
MLEs of A. By analysing the likelihood function the SEM, it may be easily
verified that higher values of AMLp are associated with lower value of 61%,[LE
and vice-versa. This may be explained by considering that, to a certain extent,
as A increases, the estimated spatial dependence grows and then the residual
variance in the sample decreases. As a consequence, o? gets smaller.

The bias of the unilateral estimators of A tends to be positive and gets larger
as A increases, as Table 4 shows. As we observed for MLEs, the bias of 62 is
in inverse relation with the bias of A, and this fact explains why the unilateral
estimates of o2 are negatively biased and decreasing with respect to A.
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Table 3: Bias and RMSE of the estimates of 62 computed for CAR models with different
values of the autoregressive parameter (p), and various lattice sizes. The estimates are
based on simulations of CAR models with f = 1 and o2 = 1. For each estimator the
first row reports the bias, whilst the second reports the RMSE.

p 0.00 0.04 0.08 0.12 0.16 0.20 0.24
10 x 10 lattice

52 —0.0225 —0.0252 —0.0282 —0.0604 —0.0702 —0.1837 —0.4753
MLE 01352 0.1391  0.1499  0.1575 0.1803  0.3688  0.6476

"2 —0.0462 —0.0461 —0.0473 —0.0710 —0.05892 —0.0550 —0.0386
ul 0.1446  0.1452  0.1529  0.1560  0.1596  0.1483  0.1516

~2 —0.0453 —0.0455 —0.0458 —0.0707 —0.0586 —0.0532 —0.0366
“u2 0.1444  0.1447  0.1529  0.1553  0.1582  0.1460  0.1478

2 —0.0453 —0.0455 —0.0456 —0.0704 —0.0585 —0.0522 —0.0355
u3 0.1444  0.1448  0.1530  0.1550  0.1580  0.1455  0.1479

20 x 20 lattice

~2 —0.0008 —0.0139 —0.0017 —0.0013 —0.0076 —0.0980 —0.5045
OMLE 00691  0.0708 0.0742 00759  0.0745 0.1928  0.6389

52 —0.0058 —0.0190 —0.0071 —0.0069 —0.0126 —0.0143 —0.0157
ul 0.0687  0.0724  0.0750  0.0751  0.0707  0.0735  0.0782

"2 —0.0058 —0.0189 —0.0071 —0.0069 —0.0113 —0.0138 —0.0146
“u2 0.0687  0.0722  0.0748  0.0753  0.0698  0.0735  0.074

.2 —0.0058 —0.0189 —0.0071 —0.0069 —0.0112 —0.0133 —0.0135
u3 0.0687  0.0722  0.0748  0.0753  0.0698  0.0732  0.0730

60 x 60 lattice

2 —0.0027  0.0001  0.0009 —0.0042 —0.0032 —0.0025 —0.0082
ul 0.0234  0.0240  0.0244  0.0242  0.0252  0.0278  0.0276

A2 —0.0027  0.000T  0.0009 —0.0040 —0.0031 —0.0029 —0.0082
“u2 0.0234  0.0240  0.0244  0.0239  0.0248  0.0277  0.0265

2 —0.0027  0.0001 0.0009 —0.0040 —0.0030 —0.0025 —0.0066
u3 0.0234  0.0240  0.0244  0.0239  0.0248  0.0276  0.0261

The RMSE of the unilateral estimates of A and o2 is more stable than the
bias and closer to the RMSE of MLEs. Nevertheless it is moderately larger than
the RMSE of MLEs as A exceedes 0.16.

As the lattice size gets larger, the bias of the unilateral estimates as a
function of A seems to converge towards a monotonic increasing function, as
Figure 2a shows. The reason why this happens, is the linearization of the
functional relation between the unilateral estimators (A7 and A,>) and the
MLEs of the parameter of the unilateral process (b7).

In spite of the bias of A and &2, the finite-sample properties of the unilateral
estimators of the SEM are good. The bias of A is moderate and the estimators
of {3 are robust with respect to estimation errors on the other parameters. As a
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Table 4: Bias and RMSE of the estimates of A computed for SEM with different values
of the autoregressive parameter (A), and various lattice sizes. The estimates are based
on simulations of SEM models with § = 1 and o2 = 1. For each estimator the first row
reports the bias, whilst the second reports the RMSE.

A 0.00 0.04 0.08 0.12 0.16 0.20 0.24
10 x 10 lattice

N 0.0015  0.0009 —0.0013 —0.0009 —0.0028 —0.0036  0.0027
MLE 00357  0.0343 0.0338 0.0296 0.0262 0.0242  0.0244

0.0016  0.0013  0.0002  0.0034  0.0051  0.0120  0.0274
0.0360  0.0349  0.0351  0.0326  0.0305  0.0300  0.0323

5 0.0016  0.0013  0.0003  0.0032 0.0053 0.0121  0.0282
u2 0.0361  0.0348 0.0352  0.0326  0.0306  0.0301  0.0331

20 x 20 lattice

N —0.0019 —0.0001 —0.0014  0.0001T —0.0007 —0.0005  0.0098
MLE 00194  0.0175 0.0158 0.0156 0.0131  0.0115  0.0215

—0.0019  0.000T —0.0003  0.0036  0.0077  0.0162  0.0339
0.0195  0.0177  0.0163  0.0172  0.0173  0.0208  0.0347

5 —0.0019  0.000T —0.0003  0.0037  0.0077  0.0172  0.0348
u2 0.0195  0.0177  0.0163 0.0172  0.0173  0.0211  0.0357

60 x 60 lattice

0.0000  0.0004  0.0014  0.0035 0.0085 0.0191  0.0374
0.0061  0.0060  0.0056  0.0062  0.0100 0.0195  0.0374

5 0.0000  0.0004  0.0014  0.0035 0.0087 0.0194  0.0383
u2 0.0061  0.0060  0.0056  0.0062  0.0100 0.0198  0.0384

result, the unilateral estimators of 3 are as reliable and accurate as the MLEs.

We recorded computation times of each slot of 300 models simulated. The
computation times required by the estimation process are essentially related
to the sample size and the number of predecessors included in the unialteral
approximation. Once these two factor are considered, there is no significant
difference between estimation times of CAR model and SEM.

The value of the spatial-autoregressive parameters (p and A) slightly af-
fected the computation times, as the average difference between minimum and
maximum computation time was about 10-15%. It is worth noting that usually
the computation time increases as spatial-autoregressive parameters get closer
to zero or to the upper bound of admissible values (0.25).

The computation times of MLE are on average 3.5-4.5 times those of the
unilateral estimates on 10 x 10 lattice, and 27-44 times for 20 x 20 lattice. The
differences amongst the unilateral approximations are marked. On average,
the estimation of first unilateral approximation is about 20% faster than second
unilateral approximation, and the same is true for the second with respect to
the third.

To get an idea of the computation times, we provide some measures. On
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Table 5: Bias and RMSE of the estimates of 3 computed for SEM with different values
of the autoregressive parameter (A), and various lattice sizes. The estimates are based
on simulations of SEM models with = 1 and 02 = 1. For each estimator the first row
reports the bias, whilst the second reports the RMSE.

A 0.00 0.04 0.08 0.12 0.16 0.20 0.24
10 x 10 lattice

. 0.0025 —0.0020  0.0015  0.0001 —0.0021 —0.0083 —0.0091
BMLE 07024 01124 01022 00986 01039 00936 0.0935

A 0.0025 —0.0020  0.0016  0.0001 —0.0024 —0.0081 —0.0074
Bu 0.1024  0.1125  0.1020  0.0985  0.1039  0.0936  0.0953

N 0.0025 —0.0020  0.0016  0.0001 —0.0023 —0.0080 —0.0077
Bu2 0.1024  0.1125  0.1020  0.0985  0.1038  0.0935  0.0953

20 x 20 lattice

) —0.0009  0.0024 —0.0012  0.0005 —0.0017  0.0035 —0.0037
BMLE 00496 00511 00493 00500 00502 0.0450  0.0487

A —0.0009  0.0024 —0.0012  0.0006 —0.0017  0.0033 —0.0038
Bu 0.0496  0.0512  0.0493  0.0500  0.0501  0.0452  0.0487

A —0.0009  0.0024 —0.0012  0.0006 —0.0017  0.0035 —0.0036
Bu2 0.0496  0.0512  0.0493  0.0500  0.0501  0.0452  0.0486

60 x 60 lattice

N —0.0011 —0.0007  0.0018 —0.0007 —0.0012  0.0007 —0.0004
Bu 0.0164 0.0176  0.0171  0.0153  0.0153  0.0154  0.0141

A —0.0011 —0.0007  0.0018 —0.0007 —0.0012  0.0007 —0.0004
Bu2 0.0164  0.0176  0.0171  0.0153  0.0153  0.0154  0.0140

average, on 10 x 10, 20 x 20, and 60 x 60 lattice, the MLE and the second-order
unilateral approximation estimation of one CAR model took: 143 ms, 2639 ms
(MLE); 36 ms, 77 ms, 460 ms (u2). On the same lattice sizes, the computation
times of one SEM were: 160 ms, 2672 ms (MLE); 38 ms, 81 ms, 509 ms (ul).

5 Conclusion

In this paper we have shown that the unilateral approximation approach to
spatial model estimation represents a sound alternative to MLE. This method
allows one to virtually fit any spatial process defined on a regular rectangular
lattice, and provides reliable and accurate estimates even in small samples.
Moreover, the unilateral approximation can be successfully applied in large
samples, where the maximum likelihood estimation is computational demand-
ing or unfeasible.

The Monte Carlo simulations we performed have shown that unilateral
estimators have a good finite-sample behaviour in term of bias, RMSE, and
convergence. Moreover, the computational-complexity analysis and the re-
gistered computation times show the excellent performance of the unilateral
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Table 6: Bias and RMSE of the estimates of 02 computed for SEM with different values
of the autoregressive parameter (A), and various lattice sizes. The estimates are based
on simulations of SEM models with § = 1 and o2 = 1. For each estimator the first row
reports the bias, whilst the second reports the RMSE.

A 0.00 0.04 0.08 0.12 0.16 0.20 0.24
10 x 10 lattice

2 —0.0298 —0.0244 —0.0153 —0.0199 —0.0172 —0.0225 —0.0056
OMLE 01469  0.1373  0.1480  0.1417  0.1447  0.1571 0.1562

") —0.0351 —0.0361 —0.0455 —0.0802 —0.1100 —0.1525 —0.1389
ul 0.1482  0.1403  0.1542  0.1604  0.1780  0.2086  0.1968

2 —0.0351 —0.0361 —0.0457 —0.0800 —0.1112 —0.1543 —0.1493
Cu2 0.1483  0.1403  0.1543 0.1605 0.1786  0.2096  0.2033

20 x 20 lattice

52 —0.0045 —0.0134 —0.0016 —0.0034 —0.0096 —0.0045 —0.0323
MLE — 0.0680  0.0648  0.0688  0.0709  0.0706  0.0763  0.0847

2 —0.0061 —0.0211 —0.0278 —0.0602 —0.1023 —0.1352 —0.1379
ul 0.0681  0.0675  0.0743  0.0928 0.1227  0.1513  0.1519

"2 —0.0061 —0.0211 —0.0278 —0.0604 —0.1026 —0.1375 —0.1521
u2 0.0681  0.0676  0.0742  0.0929  0.1229  0.1536  0.1641

60 x 60 lattice

2 —0.0007 —0.0051 —0.0245 —0.0549 —0.0907 —0.1291 —0.1222
ul 0.0261 0.0239  0.0337  0.0597  0.0932 0.1313  0.1241

~2 —0.0007 —0.0051 —0.0245 —0.0550 —0.0913 —0.1317 —0.1386
Cu2 0.0261  0.0239  0.0337 0.0598  0.0945  0.1339  0.1402

approximation method as a fitting techniques for large samples.

As we have stressed, the convergence problems on SEM unilateral estimat-
ors of A and 02 stems from the linearisation of A,, and 6%” and can be corrected
defining a more accurate (non-linear) approximation of the unilateral estimator.

In general, the application of the unilateral approximation approach may
result difficult when there are complex functional restriction to be fulfilled.
In this case the most convenient choice of the set of predecessors and the
associated parametrization is a matter of experience and intuition, since at the
moment no general method for working out this problem exists.

This difficulty, along with the extension of the method to other lattice
structures, is a topic that deserves further investigation.

A Appendix

A.1 Proof of the condition |p| + |p2| < 0.5

Given a matrix M € C™*", and its spectrum o(M), a necessary and

sufficient condition of invertibility is {0} ¢ o(M), that is, none of the eigenvalues
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Figure 2: Bias of A, and 612” as a function of A in a SEM with f = 1 and ¢? = 1,
according to various lattice sizes: 10 x 10 (solid line), 20 x 20 (dashed line), and 60 x 60
(dotted line).

; of M equals zero. It follows that a sufficient condition for invertibility is
o(M) C C", where C* is the right half complex plane.

In the case of process (4), the matrix A, = I —p1 W7 — p,W; must be
invertible, symmetric, and positive definite (see Section 4.2 on CAR model).

Since matrices W7 and W, are binary, A, is always symmetric, and thus its
eigenvalues are real. It follows that the (sufficient) invertibility condition on
the eigenvalues A; of A, becomes A; > 0, for j = 1,...,n. The same condition
guarantees the positive definiteness of A.

The Gersgorin theorem (Gersgorin 1931; Horn and Johnson 2013, p. 388)
states that the following relation holds for the spectrum o(A;) of Ag:

where

n

R E{ZG C:lz—ayl < Z \a]-hl}.
h=1
h#j

Since aj; =1 for j =1,...,n, and matrices W7 and W; have at the most
two unit elements per row, we conclude that:

o(Ap) C {z€C: =11 < 2p11+ Ipal) }.

The previous relation states that the spectrum o(A,) is contained in a circle
of radius /2(|p1]+|p2|) centered in 1+ 0i. If we require that:

2(lp1l+1p2l) < 1,

we leave the origin of the complex plane out of the circle, and the condition
A; > 0 holds for each j = 1,...,n. By restating the last inequality, we obtain
the condition |p1] + |p2| < 0.5.
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