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1 Introduction

Point estimation of spatial models is well known to be a difficult issue. One
general reason is that, from a probabilistic point of view, a spatial model is a
random field, typically characterized by a complex dependence structure, of
which only a single realization is available for estimation. More specifically,
what makes estimation overly complicated is the computational intractabil-
ity of the normalizing constant of the joint density, even for moderate lattice
sizes. This problem is particularly serious for Maximum Likelihood Esti-
mation (MLE) procedures, as the normalization constant depends on the
parameters of the model, and thus cannot be ignored in the maximization
of the likelihood function.

On the other hand, the conditional distributions at single sites, given
values at neighboring locations, usually admit simple representations. Ex-
ploiting this idea, Besag (1975) developed the so-called Maximum Pseudo-
Likelihood Estimation (MPLE) method, which is still very popular in prac-
tical applications and is now usually considered within the context of com-
posite likelihood (Varin et al., 2011).

MPLE is the earliest and simplest approach to estimation of the param-
eters of the most important model for spatially dependent binary random
variables, i.e. the autologistic model. As will be made clear in Sect. 2,
MPLE is based on the pseudo-likelihood function, defined by the product of
the conditional distributions at all locations given the values at neighboring
locations. To obtain the estimators, the pseudo-likelihood is maximized with
respect to the parameters as if it were a likelihood, i.e. by means of stan-
dard logistic regression estimation techniques. However, the two functions
coincide exactly if the observations at different locations are independent,
a condition that is only satisfied in trivial cases. As a result, MPLEs are
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consistent and asymptotically normal (Geman and Graffigne, 1987; Comets,
1992; Guyon and Künsch, 1992) but not efficient, with a loss of efficiency
positively related to the (absolute) value of the spatial dependence param-
eter.

Given that the difficulties are mostly caused by the normalization con-
stant, research has focused on methods of evaluating this quantity, usually
by approximating it. The pioneering work by Ogata and Tanemura (1984)
develops various techniques for approximating the likelihood function. Moy-
eed and Baddeley (1991) use an iterative stochastic approximation approach.
Geyer and Thompson (1992) (see also Zheng and Zhu, 2008 and Hughes
et al., 2011) introduce a Monte Carlo maximum likelihood approach that
maximizes numerically an approximation of the likelihood function. Huf-
fer and Wu (1998) employ Markov Chain Monte Carlo methods. Gu and
Zhu (2001) compute MLEs by combining Markov Chain Monte Carlo and
stochastic approximation methods. Huang and Ogata (2002) propose a gen-
eralization of Maximum Pseudo-Likelihood. Friel and Pettitt (2004) develop
a method for exact MLE of the autologistic model that is simulation-free
for rectangular lattices with smallest dimension not exceeding 10 and can
be extended to larger sizes by means of Monte Carlo techniques. Finally,
Wang and Zheng (2013) use expectation-maximization pseudo-likelihood
and Monte Carlo expectation-maximization likelihood.

Recently, MLE for intractable likelihoods (see Murray et al., 2006 for
a useful classification) has received some attention in the literature, mostly
because various simulation-based approaches allow the approximation of the
likelihood in these setups (Cox and Kartsonaki, 2012). In this paper we pro-
pose to apply the Approximate Maximum Likelihood Estimation (AMLE)
method developed by Rubio and Johansen (2013) to the autologistic model.
In short, AMLE exploits the potential of Approximate Bayesian Compu-
tation (ABC; Pritchard et al., 1999; Beaumont et al., 2002) for likelihood
maximization. In a Bayesian setup, ABC produces a sample approximation
to the posterior distribution, whose mode is the approximate Maximum
A Posteriori (MAP) estimate. Under the parameterization of interest and
with a uniform prior, the MAP estimate coincides with the MLE. The most
appealing feature of AMLE is inherited from ABC: it allows one to ob-
tain estimators (actually MLEs) without performing a formal maximization
of the likelihood function. It is worth noting that Geyer and Thompson
(1992)’s Monte Carlo maximum likelihood approach, though based on sim-
ulation, is quite different in that, unlike AMLE, it requires the evaluation
of an approximation of the likelihood function. Similar considerations hold
for the approximated maximum likelihood estimators recently proposed by
Feizjavadian and Hashemi (2015).

This work is, to best of our knowledge, the first application of AMLE in
the field of spatial statistics. It is also the first time AMLE is based on a non-
iid sample from the approximated posterior. Although the theory does not
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require an iid sample (Rubio and Johansen, 2013, p. 1636), it is of interest
to analyze the performance of the algorithm in this framework. Hence, we
study via simulation the properties of AMLE applied to the autologistic
model, across various lattice sizes, and give insights into the choice of the
basic components as well as the numerical values of the input parameters of
the algorithm.

There are two main reasons why AMLE is the ideal candidate for com-
puting MLEs of the autologistic model. First, as no likelihood evaluation is
required, it allows one to bypass the problem of computing the normalizing
constant. Second, the theory of AMLE is especially elegant and effective
when ABC can be based on sufficient statistics. Whereas in most typical
applications of ABC sufficient statistics are not available or difficult to com-
pute and finding alternative summary statistics may not be straightforward,
for the autologistic model sufficient statistics are readily available. More-
over, provided we can sample data from the model of interest for any value
of its parameters, it can be applied to other spatial models with no major
modification.

The approach proposed in this paper, besides being approximately effi-
cient (as the estimators are approximate MLEs) is easily implemented and
has the distinctive advantage of not suffering from the curse of dimension-
ality. As a matter of fact, the method works well even for very large dimen-
sions: if the simulation of the autologistic model is based on the Metropolis
algorithm, which generates in a sequential manner a single random variable
for each location, the only limit is the machine’s physical memory. The two
last features are non-negligible strengths with respect to existing approaches,
often characterized by involved implementation and/or quickly deteriorating
performances for large lattice sizes.

The rest of this paper is organized as follows: Section 2 reviews the autol-
ogistic model, Section 3 introduces the AMLE methodology and develops its
application to the autologistic model, Section 4 presents first the results of
extensive Monte Carlo experiments aiming at a comparison of AMLE, MLE
and MPLE in terms of Mean Squared Error (MSE) and then a real-data
application. Finally, Section 5 concludes.

2 The autologistic model

By spatial model we mean a statistical model for a spatial pattern of data
y = (yi ∈ A ⊂ Rs, i = 1, . . . ,K, where Rs is the s-dimensional Euclidean
space) having density

f(y|θ) =
e−Q(y;θ)

Z(θ)
, (1)

where Q(y;θ) is the energy function, which measures the interaction be-
tween the yis. The normalizing constant is Z(θ) =

∫
AK e

−Q(y;θ)µ(dy), where
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µ denotes a suitable base measure - typically an appropriate version of either
counting measure in the discrete case or Lebesgue measure in the continu-
ous case. Note that one can construct joint distributions such as (1), as well
as more complex joint distributions containing covariates and directional
dependencies, from specified conditionals (see, for example, Hughes et al.,
2011).

In the following we will be concerned with the autologistic model, which
can be seen as a special instance of (1). Let ỹ = (ỹi,j) (i = 1, . . . , N ;
j = 1, . . . ,M , K = MN). In this case the joint distribution of ỹ is given by
(Strauss, 1992; Casella and Robert, 2004, Example 5.8; Arbia, 2006, Sect.
2.4.2.3)

p(ỹ) =
1

Z(J,H)
exp

−J ∑
(i,j)∈N

ỹi,j −H
∑
i,j

ỹi,j

 , (2)

where J ∈ R and H ∈ R are parameters, ỹi,j ∈ {−1, 1}, the normalizing con-
stant Z(J,H) is given by

∑
ỹ∈{−1,+1}K exp{−J

∑
(i,j)∈N ỹi,j − H

∑
i,j ỹi,j}

and N is a prespecified neighborhood equivalence relation: the sites (i, j)
and (k, l) are said neighbors if either i = k and |j − l| = 1 or j = l and
|i − k| = 1. The energy function can be written as Q(ỹ;θ) = −θV (ỹ),
where V (ỹ) =

∑
(i,j),(k,l)∈N ỹi,j ỹk,l is a statistic that counts the excess of

like, over unlike, nearest-neighbor of a given configuration ỹ. In spatial
statistics, the parameter J is the most important one, as it measures the
intensity of the interaction, or the degree of spatial dependence, between
the ỹi,js; when J = 0, the ỹi,js are independent. The model is of paramount
importance in statistical mechanics, where it is known as the Ising model
of ferromagnetism (Cipra, 1987): in this case, J is the interaction strength
and H represents the energy involved in the magnetization of the lattice.

Let now yi,j = (ỹi,j + 1)/2. The conditional representation of (2) is

P (yi,j = 1|yk,l, (i, j) 6= (k, l)) =
exp{2(H + J

∑
i,j∈N yi,j)}

1 + exp{2(H + J
∑

i,j∈N yi,j)}
=

=
exp{α+ β

∑
i,j∈N yi,j}

1 + exp{α+ β
∑

i,j∈N yi,j}
. (3)

If the yi,js were independent, this would be a logistic regression model. Un-
fortunately, as they are dependent, MLE must be based on the joint distri-
bution (2), whose normalizing constant Z(J,H) becomes rapidly intractable
from the computational point of view as K increases.
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3 AMLE of spatial models

3.1 A review of AMLE

Given a sample (y1, . . . ,yn) ∈ Rq×n from a distribution with density func-
tion f(y;θ), let the likelihood function be denoted by L(θ;y1, . . . ,yn),
where θ ∈ Θ ⊂ Rp is a vector of parameters. Assume for a moment a
Bayesian setup, such that π(θ) is the prior distribution of θ and π(θ|y) is
the posterior, given by

π(θ|y) =
f(y|θ)π(θ)∫

Θ f(y|t)π(t)dt
. (4)

Suppose that we can construct the following approximation of the likelihood
function:

f̂ε(y|θ) =

∫
Rq×n

Kε(y|z)f(z|θ)dz, (5)

where Kε(y|z) is a normalized Markov kernel and ε is a scale parameter.
Plugging (5) into (4) we obtain an approximation of the posterior:

π̂ε(θ|y) =
f̂ε(y|θ)π(θ)∫

Θ f̂ε(y|t)π(t)dt
.

For a uniform prior on a suitable set D ⊂ Rp, the maximization of the
likelihood function and the maximization of the posterior density are equiv-
alent, provided that the posterior density is written in the parameterization
of interest.

Let η : Rq×n → Rl be a summary statistic. The typical kernel Kρ
ε (s|t)

is defined on the space of these summary statistics as follows:

Kρ
ε (η(y)|η(z)) ∝

{
1 ρ(η(y), η(z)) < ε,

0 otherwise,
(6)

where ρ : Rl × Rl → R+ is a metric. The simplest version uses η(y) =
y, in which case we obtain the ABC algorithm introduced by Pritchard
et al. (1999). For reasons that will be outlined below, when employing this
technique in the AMLE setup we shall use the sufficient statistics of the
model, if available.

The preceding discussion motivates the following algorithm:

Algorithm 1 (AMLE)

1. Obtain a sample θ∗ε = (θ∗ε,1, . . . ,θ
∗
ε,m)′ from the approximate posterior

π̂ε(θ|y); m is commonly called ABC sample size;
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2. Use this sample to construct a nonparametric estimator φ̂ of the den-
sity π̂ε(θ|y);

3. Compute the maximum of φ̂, θ̃m,ε. This is an approximation of the
MLE θ̂.

Step 1 can be carried out using any algorithm, as it is not required that
the sample be independent. The most common solution is the simple ABC
algorithm.

Algorithm 2 (simple ABC)

1. Simulate θ′ from the prior distribution π(·);

2. Generate y = (y1, . . . , yn)′ from f(·|θ′);

3. Accept θ′ with probability ∝ Kε(y|z), otherwise return to Step 1.

Rubio and Johansen (2013) study the asymptotic properties of the esti-
mator, which are particularly important because they can give some insight
into the choice of the input parameters. The crucial result is that, under
a mild condition about Kε(y|z), π̂ε(θ|y) converges pointwise to π(θ|y) as
ε→ 0, for any θ ∈D.

A corollary of the preceding result suggests how to choose the summary
statistic: if η is a sufficient statistic for θ, the ABC approximation con-
verges pointwise to the posterior distribution. It is therefore clear that, if a
sufficient statistic is available for θ, one should use it in the algorithm.

Finally, under the additional condition of equicontinuity of π̂ε(·|y) on
D, and provided π(·|y) has a unique maximizer, it is possible to show that
limε→0 π̂ε(θ̃|y) = π(θ̃|y), where θ̃ is the unique maximizer of π(·|y).

Consider a simple random sample θ∗ε = (θ∗ε,1, . . . ,θ
∗
ε,m)′ from the ap-

proximate posterior π̂ε(·|y) with mode θ̃ε and an estimator θ̃m,ε of θ̃ε ob-
tained from θ∗ε such that θ̃m,ε → θ̃ε almost surely when m → ∞. From
these results it follows that, for any γ > 0, there exists ε > 0 such that
limm→∞ |π̂ε(θ̃m,ε|y)− π(θ̃|y)| ≤ γ almost surely.

It is worth noting that θ̃m,ε is an approximation of the MLE, with asymp-
totic variance related to the numerical value of ε: in particular, depending
on ε, the estimator may be more or less efficient than the MLE. Ionides
(2005) has indeed shown that the maximization of a smoothed approxima-
tion of the likelihood such as (5) may be preferable to the maximization of
the likelihood itself.

In step 2, Rubio and Johansen (2013) suggest using Kernel Density Es-
timation (KDE). The performance of KDE deteriorates as the dimension of
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θ increases, but intractable likelihoods often have few unknown parameters,
as is the case of the autologistic likelihood considered in this paper, which
has only two unknown parameters. Nevertheless, an increase in the number
of parameters (for example, in autologistic models including covariates, di-
rectional dependencies or even time-varying dependencies) is likely to cause
higher computational costs.

3.2 AMLE of the autologistic model

Let Y = (y1,1, . . . , yN,M ) be the N × M matrix containing the realiza-
tion of an autologistic model. From now on, we will use the notation
y = vec(y1,1, . . . , yN,M ) and θ = (α, β)′. The implementation of AMLE
requires specific versions of Algorithms 1 and 2 and appropriate choices of
the numerical values of the input parameters. We consider Algorithm 2 first.

The basic version of AMLE employs a uniform instrumental prior to
enable the sampling procedure, even though any proper prior with mass in
some neighborhood of the MLE might be used as well, provided its influence
is later compensated for (Rubio and Johansen, 2013, p. 1637). We first need
starting values and intervals around them, sufficiently wide to contain the
true parameter values. If you can specify a compact set in which the MLE
is known to lie, the widths can be approximately computed analytically,
otherwise Monte Carlo techniques can be easily implemented.

For the autologistic model, the natural choice of the starting value is

the MPLE estimator θ̂
MPLE

. We then sample candidate values of the pa-
rameters from the U [θ̂MPLE

i + di, θ̂
MPLE
i + ui] distributions, where di ≤ 0

and ui ≥ 0 (i = 1, 2) are such that the intervals [θ̂MPLE
i + di, θ̂

MPLE
i + ui]

contain with very high probability the true values of the parameters.
The choice of di and ui can be based on a simulation experiment, con-

sisting in sampling B times the autologistic model with the MPLE estimate
of the parameters (see the discussion concerning Step 2 of Algorithm 3 be-
low for a thorough description of the simulation procedure) and computing
the 99.9% confidence interval for each parameter. The numerical values of
di and ui are then given by the bounds of the confidence intervals. In the
present context, we use B = 10 000.

We know from theory that, if η in (6) is a sufficient statistic for θ, the
AMLE algorithm has favorable convergence properties. Sufficient statistics
for (2) are given by

∑
i ỹi and

∑
(i,j)∈N ỹij . In terms of (3), they can be

conveniently rewritten as S1 =
∑L

i=1 yi and S2 =
∑M−1

i=1

∑N
j=1 I{yi,j=yi+1,j}+∑M

i=1

∑N−1
j=1 I{yi,j=yi,j+1}, where I is the indicator function. In more general

Gibbs random fields, Grelaud et al. (2009) identify that there are finite-
dimensional sufficient statistics which are natural candidates for ABC.

We are now in a position to detail Algorithm 2 in the autologistic case:
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Algorithm 3

1. Simulate α′ ∼ U [α̂MPLE+d1, α̂
MPLE+u1], β

′ ∼ U [β̂MPLE+d2, β̂
MPLE+

u2].

2. Simulate a realization y′ of the autologistic model with parameters α′

and β′; the simulation is carried out by means of the Metropolis algo-
rithm (Metropolis et al., 1953) using the same setup of Gu and Zhu
(2001, p. 346); see also Müller (1991) and Huang and Ogata (2002,
p. 6).

3. Compute the sufficient statistics S′1 and S′2 using y′. If the Euclidean
distance ||S−S′|| =

√
(S1 − S′1)2 + (S2 − S′2)2 is smaller than ε, where

S = (S1, S2), S
′ = (S′1, S

′
2) and S1 and S2 are the sufficient statistics

computed with the observed data, accept α′ and β′; otherwise, return
to Step 1.

4. Estimate non-parametrically the density of the simulated θs using stan-
dard kernel density estimation methods; θ̂ is given by the mode of the
estimated non-parametric density.

At step 2, the detailed implementation of the Metropolis algorithm is as fol-
lows. Take a random initial state, i.e. select independently each yi,j = ±1
(i = 1, . . . , N ; j = 1, . . . ,M) with equal probability. Suppose that the cur-
rent value of the process at site (i, j) is y(i, j) and the corresponding energy
value is Q, and consider the energy Q∗ associated to y(i, j)∗ = −y(i, j). The
core of the algorithm can be summarized as follows:

1. if Q∗ ≤ Q, replace y(i, j) with y(i, j)∗ and Q with Q∗;

2. if Q∗ > Q, generate u∗ ∼ U(0, 1) and

(i) if U ≤ exp(Q−Q∗), replace y(i, j) with y(i, j)∗ and Q with Q∗;

(ii) if U > exp(Q−Q∗), keep y(i, j) and Q.

For a given pair of parameters, a replication of the simulation is performed by
selecting each site in lexicographical order and repeating at least 500×N×M
times steps (1) and (2) above. In order to assess convergence, compute

SMT (θ) =

T∑
t=1

m(y(t))/T,

where T ≥ 500 is the number of Monte Carlo steps, y(t) (t = 1, . . . , 500) is
the output from the Metropolis algorithm at the t-th iteration and m(y) =∑N

i=1

∑M
j=1 yi,j is the so-called magnetic configuration of y. Stop when

|SMT (θ)| < 0.001.
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At step 2, the autologistic model may also be simulated by means of
perfect sampling. In this case, Propp and Wilson (1996) show that exact
samples can be generated for the Ising model, although the computing time
is large if the model is below its critical temperature.

Standard analysis, not reported here, of the output of the Metropolis
algorithm at Step 2 of Algorithm 3 shows that the thinned chain is approx-
imately independent. Thus, we use simple ABC even though the output
of Step 2 is not truly independent. Hence, more precisely, this way of pro-
ceeding is an approximation to simple ABC, as it arises from the use of an
MCMC transition instead of iid sampling; as the sample is approximately
iid, the impact of this approximation should be negligible. A more rigorous
approach would be to use the MCMC-ABC algorithm proposed by Marjo-
ram et al. (2003).

As of step 4, analogously to Rubio and Johansen (2013), we use the
kde command of the ks (Duong, 2014) package of R (R Core Team, 2014)
to compute the nonparametric estimator φ̂ of the density π̂ε(θ|y). The
bandwidth is selected using the hpi (when only one parameter is unknown)
or Hpi (when two parameters are unknown) functions, which implement
plug-in bandwidth selectors (Wand and Jones, 1994). The kernel density
estimation step is not so important if m is large (Rubio and Johansen,
2013, p. 1642); nevertheless, the choice of the plug-in selector is based on
the results by Sköld and Roberts (2003) concerning bandwidth selection
when data are generated via the Metropolis-Hastings algorithm. Finally, we
compute θ̂ = arg max(φ̂).

Besides D, in order to use the algorithm one has to set the parameters
m and ε. The choice is problem-dependent and will be examined thoroughly
in the next section. Before focusing on the autologistic model, we show the
results of a toy simulation experiment that illustrates how the variance of
the estimator depends on ε.

Example 1. We simulate B = 100 times a binomial random variable X ∼
Bin(n, p) with n = 100 and p = 0.5. At each replication, we estimate p by
means of the MLE p̂ = x/n and by means of AMLE, using an ABC sample
size m = 1000, D = [0, 1] and ε ∈ {0.01, 0.05, 0.5}. It is well-known from
classical MLE asymptotic theory that var(p̂) ≈ p(1− p)/n = 0.0025. Table
1 gives the bias, the variance and the MSE of the two estimators, where the
variance is given by the sample variance of the B estimates. The rejection
rate is defined as B(1−m/

∑B
i=1 Ti), where Ti is the number of replications

of the ABC algorithm needed to generate m observations from π̂ε(θ|y) at the
i-th replication of Algorithm 3. Whereas with ε = 0.5 almost all observations
are accepted, the computational cost associated to the case ε = 0.01 is much
larger, because approximately 99% of the simulated parameter values are
rejected.

9



Table 1: Bias, variance and MSE of classical MLE and AMLE of p for
X ∼ Bin(n, p) with n = 100 and p = 0.5. The results shown are averages
of 100 Monte Carlo replications. The remaining parameters are m = 1000,
D = [0, 1].

MLE AMLE
ε = 0.01 ε = 0.1 ε = 0.5

bias 2.30 · 10−3 3.22 · 10−3 4.61 · 10−3 4.90 · 10−3

variance 2.51 · 10−3 2.61 · 10−3 3.49 · 10−3 6.00 · 10−1

MSE 2.52 · 10−3 2.62 · 10−3 3.51 · 10−3 6.00 · 10−1

rejection rate 0.989 0.799 0.052

Considering that AMLE avoids evaluation of the likelihood function,
approaches to the computation of standard errors based on Fisher infor-
mation are not feasible. On the other hand, standard errors can be ap-
proximated in a natural way, albeit with a non-negligible computational
burden, by means of parametric bootstrap (Davison and Hinkley, 1997,
Sect. 2.2): the procedure consists in estimating θ, simulating B times
the model using the estimated parameter vector θ̂, computing B AMLEs
θ̂
∗
1, . . . , θ̂

∗
B and finally obtaining the standard error of the estimator as

se(θ̂) =
∑B

i=1(θ̂
∗
i −

¯̂
θ∗)2/(B − 1), where

¯̂
θ∗ =

∑B
i=1 θ̂

∗
i /B.

4 Numerical experiments

We now turn to the simulation experiments concerning the use of AMLE for
estimating the autologistic model. As said above, three parameters need to
be set as input of the algorithm. In doing this, we have to face a trade-off
between computational burden and precision of the estimators. In partic-
ular, the precision increases as ε gets smaller and m gets larger. D is less
important because, provided it includes the true parameter value, it mainly
affects the rejection rate (Rubio and Johansen, 2013).

We note first that there is a negative relationship between ε and the

rejection rate rr, because rr is given by rr(B)
def
= #{y′ : |η(y) − η(y′)| >

ε}/B, where B is the number of replications, and

lim
B→∞

rr(B) = P (|η(y)− η(y′)| > ε), (7)

where the convergence in (7) is almost sure via the Strong Law of Large
Numbers. Application of AMLE to the autologistic model is quite heavy
from the computational point of view. Suppose indeed to be interested in
implementing Algorithm 3 with m = 100 and to use a value of ε such that
the rejection rate is rr(B) = 0.99. Then the total number of autologistic
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models that need to be simulated is 10 000. Using the Metropolis algorithm
with 500 steps, we have to generate 500 ·M ·N · 10 000 random variables.

The following simulation experiments are based on setups similar to Gu
and Zhu (2001), Huang and Ogata (2002) and Friel and Pettitt (2004), so
that the results obtained with AMLE are comparable to MLEs produced by
their procedures. In detail, the three experiments carried out in this paper
are organized as follows:

1. Simulate an N ×M autologistic model with N = 125 and M = 12.
This is the dimension of the real-data analysis carried out in this paper
as well as in Gu and Zhu (2001) with the Wiebe’s wheat data (see
below). The parameters are α = 0 and β ∈ {−0.4,−0.2, 0, 0.2, 0.4}. α
is treated as a known parameter, so that we only estimate β.

2. Same as 1, but now the lattice has M = N = 64, as in Gu and Zhu
(2001)’s and Huang and Ogata (2002)’s Monte Carlo investigations.

3. Analogously to Friel and Pettitt (2004), simulate an N × M autol-
ogistic model with N = 12 and M = 100. The parameters are
α ∈ {−0.3, 0, 0.3} and β ∈ {−0.3,−0.1, 0, 0.1, 0.3}. Both parameters
are considered unknown and therefore estimated from the simulated
data.

All the simulations are repeated B = 15 times. In order to com-
pare the estimators, we use the Root-Mean-Square-Error (RMSE), given

by RMSE(θ̂) =

√
b(θ̂)2 + var(θ̂), where b(θ̂) = (1/B)

∑B
i=1 θ̂i−

ˆ̄θ is the bias,

var(θ̂) = (1/(B − 1))
∑B

i=1(θ̂i −
ˆ̄θ)2 is the variance and ˆ̄θ = (1/B)

∑B
i=1 θ̂i is

the sample mean.
Before carrying out the experiments outlined above, we perform AMLE

with α = 0 and β = 0.4 with various values of ε, in order to assess the
impact of ε on the performance of the algorithm. Fig. 1 shows the results
for ε ∈ {5, . . . , 15} and m ∈ {200, 400}. For comparison purposes, we also
report the RMSE of the MPLE estimator.

The graph suggests that the RMSE is essentially the same for all values
of ε, as the differences seem to be random and mainly related to sampling
variability. This probably means that ε = 15 is already small enough to
guarantee a good approximation of the approximated posterior to the likeli-
hood (see Rubio and Johansen, 2013, Corollary 1). In the following we use
ε = 9, as it is the numerical value corresponding to the smallest RMSE, and
m = 200, as m = 400 doubles computing time with no significant precision
improvement.

Tables 2 and 3 give numerical values of bias, standard deviation, RMSE
and relative performances, measured as RMSE(β̂AMLE)/RMSE(β̂MPLE),
respectively for N = 125, M = 12 and for N = M = 64. In the latter case,
the table also displays the outcomes obtained by Gu and Zhu (GZ) with
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Figure 1: RMSE of three estimators of β (one-parameter case, parameters
α = 0, β = 0.4, sample sizes m ∈ {200, 400}).
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Table 2: Bias, standard deviation, RMSE and relative performance of
β̂AMLE vs β̂MPLE for various values of β, with N = 125, M = 12,
ε = 9, m = 200, B = 15. Relative performance is defined as RelPerf =
RMSE(β̂AMLE)/RMSE(β̂MPLE).

Bias Sd RMSE RelPerf
(×102) (×102) (×102)

β = −0.4
MPLE 3.39 0.67 3.45
AMLE 1.20 0.89 1.49 0.43

β = −0.2
MPLE 3.06 0.64 3.13
AMLE −1.51 0.95 1.79 0.57

β = 0
MPLE −0.37 0.61 0.71
AMLE 0.39 0.63 0.74 1.04

β = 0.2
MPLE −2.21 0.74 2.34
AMLE −0.16 0.77 0.78 0.34

β = 0.4
MPLE −2.78 0.55 2.83
AMLE −0.22 0.62 0.65 0.23

their MCMC stochastic approximation method and by Huang and Ogata
(HO) with MLE computed via the DALL optimization subroutine (Ishiguro
and Akaike, 1989); see Gu and Zhu (2001, Table 1) and Huang and Ogata
(2002, Table 1). Figure 2 shows the relative performances of β̂AMLE with
respect to β̂MPLE both for N = 125, M = 12 and for N = M = 64.

From the tables and the figure, at least three facts emerge clearly. First,
the relative performance of AMLE gets larger as β increases in absolute
value; this is unsurprising, as MPLE corresponds to MLE when β = 0,
and the loss of efficiency is an increasing function of |β|. Second, the im-
provement in relative performance brought by AMLE seems to be different
for positive and negative spatial dependence. This outcome is not new in
the spatial statistics literature (see, e.g., Schabenberger and Gotway, 2002;
Griffith and Arbia, 2010; Arbia et al., 2011; Arbia et al., 2013), where “asym-
metric” results corresponding to setups with spatial dependence of the same
magnitude but different sign are well known. Finally, the smaller MSE of
AMLE is entirely due to a smaller bias, whereas the standard deviation of
the two estimators is approximately the same or slightly larger for AMLE,
probably because of some extra Monte Carlo sampling variability.

For the 64×64 lattice, AMLE and Gu and Zhu (2001)’s outcomes are very
similar to each other, except when β = 0 and β = −0.2, and preferable to
Huang and Ogata (2002) results. When β = 0 and β = −0.2, AMLE seems
to perform better than exact MLE. A possible explanation may be that
estimators obtained by maximizing smoothed versions of the true likelihood
such as (5) in some cases are more stable than MLEs (Ionides, 2005).
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Table 3: Bias, standard deviation, RMSE Error and relative performance
of β̂AMLE vs β̂MPLE for various values of β, with N = M = 64,
ε = 9, m = 200, B = 15. Relative performance is defined as RelPerf =
RMSE(β̂AMLE)/RMSE(β̂MPLE). For comparison purposes, the results ob-
tained by Gu and Zhu (GZ) with their MCMC stochastic approximation
method and by Huang and Ogata (HO) with MLE are reported as well (see
Gu and Zhu, 2001, Table 1 and Huang and Ogata, 2002, Table 1).

Bias Sd RMSE RelPerf
(×102) (×102) (×102)

β = −0.4

MPLE 3.30 0.62 3.36
AMLE 0.27 0.58 0.64 0.19

GZ −0.01 0.68 0.68
HO - - 0.64

β = −0.2

MPLE 1.50 0.37 1.54
AMLE 0.09 0.49 0.50 0.33

GZ 0.01 1.00 1.04
HO - - 1.04

β = 0

MPLE 0.11 0.43 0.45
AMLE 0.04 0.48 0.48 1.07

GZ 0.10 1.10 1.15
HO - - 1.11

β = 0.2

MPLE 1.34 0.56 1.45
AMLE 0.45 0.75 0.88 0.61

GZ 0.01 1.00 0.92
HO - - 1.04

β = 0.4

MPLE 2.85 0.52 2.89
AMLE 0.43 0.56 0.70 0.24

GZ 0.10 0.67 0.70
HO - - 0.67
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Figure 2: Relative performance of y of β̂AMLE with respect to β̂MPLE ,
measured as RMSE(β̂AMLE)/RMSE(β̂MPLE) in the one-parameter case
for α = 0 and β ∈ {−0.4,−0.2, 0, 0.2, 0.4}, with ε = 9, m = 200, B = 15.
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Table 4: Bias, standard deviation and RMSE of β̂AMLE vs β̂MPLE for
β = ±0.4, with N = 125, M = 12, ε = 9, m = 200, B = 100.

Bias Sd RMSE RelPerf
(×102) (×102) (×102)

β = −0.4
MPLE 2.92 0.64 2.99
AMLE 0.73 0.77 1.06 0.35

β = 0.4
MPLE −2.22 0.57 2.29
AMLE −0.26 0.45 0.52 0.23

The rejection rate is between 0.991 and 0.993 for the experiments in
Table 2 and between 0.992 and 0.994 for those in Table 3. Thus, to obtain a
sample of 200 parameter values, the number of simulations of the autologistic
model is approximately equal to 25 000 in the first case and to 28 000 in the
second case. The amount of time needed ranges between about two and two
and a half hours per replication on a 3.16 GHz machine.

The small number of replications on which these results are based may
cause some concern. To check the reliability of the outcomes, we repeated
two of the experiments with B = 100. In particular, in the case M = 125,
N = 12, we reran the simulations with β = +0.4 and β = −0.4, obtaining
the results displayed in Table 4.

The meaningfulness of the outcomes with B = 15 can also be verified
by means of the following argument. Consider, for example, the estimates
concerning the case β = −0.4 in tables 2 and 4. As both AMLE and MPLE
are asymptotically normal, the 95% approximate confidence intervals for

β̂AMLE
B and β̂MPLE

B are respectively given by ˆ̄βAMLE
B ±2.14σ̂AMLE/

√
B and

ˆ̄βMPLE
B ± 2.14σ̂MPLE/

√
B, where 2.14 is the 0.975 quantile of the Student t

distribution with 14 degrees of freedom, ˆ̄βAMLE
B = (1/B)

∑B
i=1 β̂

AMLE
i and

ˆ̄βMPLE
B = (1/B)

∑B
i=1 β̂

MPLE
i . Plugging the estimates displayed in tables 2

and 4 into these formulas we get

CIβ̂MPLE
15

= −.361± 2.14
.0067√

15
= [−.3647,−.3573],

CIβ̂AMLE
15

= −.3842± 2.14
.0089√

15
= [−.3918,−.3842].

Similarly, when the true value of β is equal to 0.4, the approximate CIs are
given by

CIβ̂MPLE
15

= .3722± 2.14
.0055√

15
= [.3692, .3752],

CIβ̂AMLE
15

= .3978± 2.14
.0062√

15
= [.3944, .4012].
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Thus, even with a sample size as small as B = 15, the difference between
the two approaches is significant.

To summarize the pros and cons of AMLE and of Gu and Zhu (2001)’s
approach, which has a similar behavior in terms of RMSE, AMLE is easier to
implement, whereas Gu and Zhu (2001)’s MCMC stochastic approximation
is computationally less heavy.

We now turn to the two-parameter case, using first ε = 9 and m = 200
as in the one-parameter case. The results are shown in tables 5 and 6.
Table 5 also reports the outcomes obtained by Friel and Pettitt (2004) in
the same setup. Friel and Pettitt (2004) compute the MSE of an estimator

θ̂ as MSE(θ̂) = b̂2(θ̂) +
√
Bσ̂2

θ̂
, where B = 15 and b̂(θ̂) =

∑B
i=1(θ̂i −

ˆ̄θ)/B

and σ̂2
θ̂

=
∑B

i=1(θ̂i −
ˆ̄θ)2/(B − 1) are respectively the estimated bias and

variance. Instead, we compute the MSE as MSE(θ̂) = b̂2(θ̂) + σ̂2
θ̂
. Hence,

in order to make Friel and Pettitt (2004)’s results comparable to ours, we
use our formula for computing the MSE, taking as inputs the estimated bias
and variance obtained by Friel and Pettitt (2004) in their experiments. For
example, when α = 0 and β = −0.3 in Table 5, we compute MSE(β̂FP ) =
0.0042 + 0.008372 = 0.000086057, so that RMSE(β̂FP ) =

√
0.000086057 =

0.00927. Overall, the outcomes in Table 5 show that AMLE performs better
than MPLE, but the difference is smaller than in the preceding tables. One
reason may be that AMLE needs a smaller ε and/or a larger m to reach
convergence. However, before considering this issue, it is worth noting that
this result is also related to a peculiar feature of the MPLE estimators.

Similar to the one-parameter cases, the improvement is mainly due to
a smaller bias component. For some parameter combinations (consider for
example α̂MPLE when α = 0 and β = −0.3), MPLE is approximately un-
biased, so that the two estimators have a similar MSE. In these instances,
concluding that MPLE performs well seems more appropriate than con-
cluding that AMLE performs poorly, as α̂MPLE is approximately unbiased.
Continuing the analysis of the α = 0, β = −0.3 case, β̂AMLE has a smaller
RMSE than β̂MPLE , because the latter shows a systematic bias. The other
cases where the difference is small mostly correspond to |β| = 0.1 and are
therefore not surprising, because, when |β| → 0, MPLEs converge to MLEs.

Turning to the convergence issue, the need of a larger m in the two-
parameter case may be justified by the fact that kernel density estimation
works worse when the dimension of the parameter space is larger. More-
over, according to the simulation results presented by Rubio and Johansen
(2013), the numerical value of ε is, in general, crucial for the quality of the
approximation. Thus, we repeated some of the experiments with ε = 5 and
m = 500. Selected results are displayed in Table 6 and relative performances
are shown in Fig. 3.

Now the improvement obtained with AMLE is more significant, but
mostly for β̂. Moreover, the gain in efficiency of AMLE is much larger when
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Table 5: Bias, standard deviation, RMSE and relative performance of
α̂AMLE vs α̂MPLE and β̂AMLE vs β̂MPLE for various values of α and β,
with N = 12, M = 100, ε = 9, m = 200 and B = 15. Relative performance
is defined as RelPerf = RMSE(θ̂AMLE)/RMSE(θ̂MPLE), where θ is equal to
α or β. For comparison purposes, the results obtained by Friel and Pettitt
(FP) with their method are reported as well (see Friel and Pettitt, 2004,
tables 2 and 3).

Bias Sd RMSE RelPerf

(×102) (×102) (×102)

α = 0, β = −0.3

α̂MPLE −0.040 1.860 1.860
1.006

α̂AMLE −0.206 1.859 1.871

α̂FP 1.2 0.293 1.235

β̂MPLE 1.362 0.835 1.598
0.689

β̂AMLE −0.466 0.998 1.101

β̂FP 0.9 0.34 0.962

α = 0, β = −0.1

α̂MPLE 0.181 1.806 1.815
1.000

α̂AMLE 0.123 1.812 1.816

α̂FP −2 0.395 2.039

β̂MPLE −0.085 1.075 1.079
0.992

β̂AMLE 0.019 1.070 1.070

β̂FP −0.7 0.472 0.844

α = 0, β = 0.1

α̂MPLE −0.449 1.376 1.448
0.824

α̂AMLE −0.454 1.103 1.193

α̂FP 0.1 0.361 0.375

β̂MPLE 0.534 0.850 1.004
0.897

β̂AMLE 0.047 0.900 0.901

β̂FP 0.8 0.416 0.902

α = 0, β = 0.3

α̂MPLE 1.503 1.621 2.211
0.498

α̂AMLE 0.213 1.079 1.100

α̂FP 1.4 0.337 1.440

β̂MPLE −3.013 1.432 3.336
0.518

β̂AMLE −1.167 1.274 1.728

β̂FP 0.4 0.216 0.455

α = 0.3, β = −0.3

α̂MPLE −1.935 1.819 2.656
0.832

α̂AMLE −0.779 2.067 2.209

α̂FP 2.6 0.97 2.775

β̂MPLE 1.753 0.812 1.932
0.814

β̂AMLE −1.331 0.837 1.572

β̂FP 1.9 0.881 2.094

α = 0.3, β = 0.3

α̂MPLE 2.624 1.389 2.969
0.780

α̂AMLE 1.681 1.594 2.317

α̂FP −3.3 0.87 3.412

β̂MPLE −2.676 0.639 2.751
0.769

β̂AMLE −1.703 1.256 2.116

β̂FP 3.1 0.929 3.236
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Table 6: Bias, standard deviation, RMSE and relative performance of
α̂AMLE vs α̂MPLE and β̂AMLE vs β̂MPLE for various values of α and β,
with N = 12, M = 100, ε = 5, m = 500 and B = 15. Relative performance
is defined as RelEff = RMSE(θ̂AMLE)/RMSE(θ̂MPLE), where θ is equal to
α or β.

Bias Sd RMSE RelEff
(×102) (×102) (×102)

α = −0.3, β = −0.3

α̂MPLE 1.106 2.117 2.388
1.013

α̂AMLE −0.729 2.308 2.420

β̂MPLE 2.991 0.849 3.109
0.305

β̂AMLE −0.036 0.948 0.949

α = 0, β = −0.3

α̂MPLE −1.512 1.500 2.130
1.006

α̂AMLE −1.387 1.788 2.143

β̂MPLE 2.042 0.782 2.186
0.432

β̂AMLE −0.046 0.943 0.945

α = 0, β = 0.3

α̂MPLE −1.778 1.270 2.185
0.689

α̂AMLE −0.975 1.148 1.592

β̂MPLE −2.507 1.094 2.735
0.413

β̂AMLE 0.034 1.130 1.130

α = 0.3, β = 0.3

α̂MPLE 2.633 1.636 3.100
0.757

α̂AMLE 1.708 1.611 2.348

β̂MPLE −2.770 0.964 2.933
0.349

β̂AMLE −0.348 0.962 1.023
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Figure 3: Relative performance of the estimator of β in the two-parameter
case for various parameter values, ε ∈ {5, 9}, m = 500.
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|β| is larger. The relative performance of the estimators of the intercept in
cases with β = 0.3 and β = −0.3 is quite different.

Analogously to the single-parameter case, for all the experiments in Ta-
ble 5 the rejection rate is between 0.991 and 0.993, so that, for simulating
m = 200 pairs of parameters, the computing times are about the same. As
for the setup of Table 6, the rejection rate is between 0.996 and 0.998, so
that, in order to get 500 simulated parameter values, one needs to gener-
ate between approximately 130 000 and 230 000 autologistic models. The
necessary amount of time is between about 12 and 22 hours respectively.

The pattern of the numerical results obtained by Friel and Pettitt (2004)
is similar to ours; a notable difference is that their estimates seem to suffer
from some systematic bias for large values of |β|.

4.1 Application: Wiebe’s wheat data

We apply the AMLE method to the same dataset analyzed in Gu and Zhu
(2001), now available in the R package agridat (Wright, 2013) using the
command wiebe.wheat.uniformity. The data are the results of a unifor-
mity trial of 1500 plots of wheat conducted in Idaho in 1927, and refer to
a rectangular lattice of dimension 125 × 12 (for details see Andrews and
Herzberg, 1985). Values larger than the mean are set equal to 1, the re-
maining values are equal to 0, so that the variable of interest is binary.
We use AMLE with m = 500 and ε = 9, obtaining β̂AMLE = 0.383 and
σ̂β̂AMLE = 0.0070. The standard error has been computed via parametric

bootstrap (see Sect. 3.2) with B = 15 replications. Considering that a 95%
approximate confidence interval would be [0.383− 1.96 · 0.007, 0.383 + 1.96 ·
0.007] = [0.369, 0.397], the result is in good agreement with the MLE com-
puted by Gu and Zhu (2001), equal to 0.372 with an estimated standard
deviation of 0.012.

5 Conclusion

In this paper we have estimated the parameters of the autologistic model via
Approximate Maximum Likelihood. Since the properties of the estimators
depend on the parameters of the algorithm, we ran simulation experiments
aimed at measuring the precision of the estimators and its relationship to
the input parameters.

The choice of the scaling factor ε and of the ABC sample size m seems
to have a rather limited impact on the performance of the algorithm in the
single-parameter case, but is more important in the two-parameter model,
probably because kernel density estimation is less effective when the dimen-
sion increases.

Overall, the performance of the algorithm is excellent in the one-parameter
case, where relative performance of AMLE in terms of RMSE, ranges be-
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tween 19% and 43% when |β| = 0.4 and between 33% and 61% when
|β| = 0.2. In the two-parameter case the big picture is similar, but only
under more stringent conditions about ε and m, and especially as concerns
the estimator of β: the relative performance of the estimator of β is between
0.305 and 0.432 for |β| = 0.3, and between 0.919 and 0.968 for |β| = 0.1. It is
worth noting explicitly that in the two-parameter example our Monte Carlo
evidence suggests that reducing ε and/or increasing m gives estimators with
smaller RMSE. Therefore these outcomes, which are indeed essentially in
line with MLE results obtained in the literature in analogous frameworks,
can probably be improved, at the cost of an increased computational burden.

The AMLE method has two major advantages in the autologistic setup.
First, it can be used for any dimension of the lattice, as long as the model
can be simulated; basically, this means that the only limit is the computer’s
physical memory. Second, its implementation is easy. The computational
cost is rather large, but this is a serious problem mostly in simulation exper-
iments, where the model needs to be estimated several times. In real-data
point estimation problems the procedure has to be run only once, so that
setting a small ε and a large ABC sample size is usually not a major problem.

To conclude, we mention some important issues that require further re-
search. First, as pointed out above, the method can be applied to other
classical spatial models for which MLE is difficult. The most immediate
examples are binary (or count) Markov random fields and the autonormal
model. The former family of models is frequently used in various disciplines
including ecology, agriculture, epidemiology, geography, hydrology and im-
age analysis (Kaiser and Caragea, 2009). Application of AMLE to these
cases needs to be studied thoroughly, but should critically depend on the
possibility of simulating the models and computing summary (hopefully suf-
ficient) statistics.

AMLE can probably also be used in more complicated spatial models
where MLE is not available at all, for example when data are not only
spatially dependent, but also clustered in groups, and nested or crossed
effects are of specific interest (see e.g. the model proposed by Corrado and
Fingleton, 2012).

As already noted, Algorithm 3 may be based on the MCMC-ABC ap-
proach by Marjoram et al. (2003); assessing whether the use of this algorithm
has a major impact on the performance of AMLE deserves further scrutiny.

Building on the theoretical work by Ionides (2005) and on some of the
results of our simulation study, it may be important to investigate whether,
and, if the answer is positive, under which conditions, AMLE outperforms
exact MLE in the autologistic case.

Finally, the determination of the numerical values of the parameters ε
and m is difficult. Therefore, this issue has to be examined more thoroughly,
especially in frameworks where simulating the model is computationally ex-
pensive, so that the effort needed to perform simulations with small ε and/or
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large m is not affordable.
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