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Abstract: In recent years, spatial sampling has been the subject of a flourishing literature. Its use 
had become widespread due to the availability of topographical information about statistical units, 
especially in the environmental context. New algorithms enable us to take advantage of spatial 
locations directly. In this paper, we present a new way of using spatial information by using 
traditional sampling techniques as systematic sampling. By means of a famous optimization 
method, the Traveling Salesman Problem, it is possible to order the statistical units in a way that 
preserves the spatial correlation. Next ordered sampling methods are applied on the statistical units. 
Therefore we can render spatial some non-spatial methods. An economic application on real data is 
presented and different spatial and non-spatial methods are tested. Results are compared in terms of 
variance estimation and spatial balance, in order to establish the possibility of spatializing 
traditional sampling methods and of implementing them on data of different nature, among which 
economic ones. 
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1. Introduction 

Frequently data-sets contain information about geographical position of the units in the space. Geo-
referenced data are interesting in survey sampling theory in the sense that one can take advantage of 
the information about the localization of the units to improve the efficiency of the sampling design 
(Arbia 1992; Grafström and Tillé 2013; Dickson et al. 2014). Spatial sampling can be an efficient 
way of selecting samples in various contexts, such as, economic, social and environmental ones. 
In the last years, a large set of new methods of spatial sampling have been proposed (Stevens and 
Olsen 2004; Grafström et al. 2011; Grafström 2012; Breidt and Chauvet 2012). Some of these 
methods are based on algorithms that compute distances between units in the selection process 
(Grafström 2012; Grafström et al. 2011). Another family of methods consists of selecting the units 
to include in a sample, according to a given order of units. The problem then consists of mapping 
the two-dimensional space into one-dimensional space while safeguarding the autocorrelation as in 
the Generalized Random Tessellation Stratified (GRTS) sampling method proposed by Stevens and 
Olsen (2004). The scope of this work consists of using the algorithm of the Traveling Salesman 
Problem (TSP) to order the units. We will show that it is an efficient way of mapping the two-
dimensional space into one-dimensional space because it conserves a large part of the spatial 
information between the units. 
Since the seminal work of Menger (1932), a large number of solutions for the TSP have been 
proposed. In the present work, the method is used in combination with classic sampling methods, 
such as systematic sampling (Madow 1949), ordered pivotal sampling (Deville 1998) and the 
sequential cube method (Deville and Tillé 2004; Chauvet and Tillé 2006), in a study on economic 
data. These three methods have been chosen because they utilize the order of units in the selection 
of the sample. The usual random order used for these methods is substituted with the order given by 
a TSP algorithm.  
Moreover, this new family of ordered method is compared with two ordered spatial sampling 
methods, such as GRTS and the cube method. With the cube method, the sample is balanced on 
geographical coordinates, with random order of units. For all the designs, the Horvitz–Thompson 
(HT) estimator (Horvitz and Thompson 1952) of the population total is computed and the 
performances of the methods are evaluated in terms of variance of the HT estimator. The degree of 
spatial balance of each sampling method is also evaluated.  
The structure of the paper is the following. In Section 2, the TSP problem is presented. Moreover 
several spatial and non-spatial sampling methods are defined. In Section 3, the use of TSP, in 
combination with sampling methods, is developed with a graphic comparison of the sample 
selections. Section 4 contains the results of the simulation study. Finally, some conclusions and 
directions for further studies in the field are given in Section 5. 
 

 

2. The statistical methodological framework 

As above-mentioned, the aim of this paper is to show that there exists a family of spatial sampling 
methods based on the Traveling Salesman Problem. To achieve this objective it is essential to use 
an ordered sampling method that is possible to combine with a TSP algorithm. Brewer and Hanif 



(1983) proposed 20 (in a list of 50) different sampling methods which are ‘exact’, in sense that they 
are without replacement, they have a fixed sample size, they exactly satisfy the given inclusion 
probabilities, and they are applicable to any vector of inclusion probabilities. Here two classical 
sampling methods of this category are presented: ordered systematic sampling and ordered pivotal 
sampling. These methods can be combined with a TSP. Furthermore, we briefly present the 
Generalized Random Tessellation Stratified method (GRTS) and the cube method. The GRTS is a 
largely used spatial sampling method. The cube method enables us to select balanced samples and 
can also be adapted for spatial sampling. 
 

 

2.1 The Traveling Salesman Problem  

Since the seminal work in combinatorial optimization by Dantzig et al. (1954) and to arrive to the 
work by Lawler et al. (1985), which provides the state of the art description on the topic, the 
Traveling Salesman Problem (TSP) has known significant developments. The TSP consists of 
finding the best way of visiting a prescribed set of cities, starting from a given city (that can be 
selected randomly) and to return to it. The way must be the fastest in the sense that the total distance 
covered must be the smallest possible. In this sense, the TSP represents a typical ‘hard’ 
combinatorial optimization problem. This problem finds applications in several fields of research, 
e.g. vehicle routing, clustering of data arrays, machine scheduling (Lenstra and Kan 1975).  
There is no univocal solution to the TSP without examining all the possible paths. So it is not 
possible to find an optimal path, but only groups of solutions which are close to the optimality. 
The problem can be defined in terms of graph theory (see among others, Punnen 2002). Let	ℱ be 
the family of all Hamiltonian cycles (Kirkman 1856; Hamilton 1858) in a graph # = (&, (), where 
& is a set of vertices (nodes) and ( is a set of unordered edges. Each edge * ∈ ( has a weight ,- 
that is the distance between the nodes. The TSP problem consists of searching a Hamilton cycle, i.e. 
a tour in #, such that the sum of the weights of edges is as small as possible. If # is a complete 
graph and the vertices set & = .1, 2, … ,23, then matrix 4 = 56789:×:for the edge which connects 
nodes < and = in #, is called distance matrix. A distance 6(. . . )	satisfies the properties:  

i) 65?7, ?89 ≥ 0 for all ?7, ?8, (positivity) 
ii) 65?7, ?89 = 0 ↔ ?7 = ?7 (identity); 
iii) 65?7, ?89 = 65?8, ?79 (symmetry); 
iv) 65?7, ?89 ≤ 6(?7, ?$) + 65?$, ?89 for each triad ?7, ?$, ?8 ∈ & (triangular inequality). 

A particular case is the Euclidean distance. When the vertices are points '7 = (?7, (7) in a plan, the 
Euclidian distance is defined by 

678 = )5?7 + ?89
* + 5(7 − (89

*
 

(Matai et al. 2010). The goal of TSP is to find a Hamilton cycle with the smallest sum of distances 
(Hoffman and Wolfe 1985). 



Instead, in terms of permutation problems, with the distance matrix 4 = ,6(<, =)-, where <, = =
1	, … , 2 and diagonal elements 6(<, =) = 0, a tour is represented by a cyclic permutation . of 
.1, 2, … , 23, where .(<) represents the city following city < on the tour. In this case, the TSP 
consists of finding a permutation . that solves the problem about ‘length of the tour’, expressed as: 

min
2
36
4

756
5<, .(<)9. 

Note that the TSP can also be applied to non-symmetric matrices (Volgenant 1990; Karp 1979) or 
to matrices of dissimilarities that do not satisfy the property of triangle inequality (Papadimitriou 
1977; Bockenhauer et al. 2000). The present work is referred only to TSP with a matrix of 
distances. 
To solve a TSP, it is possible to recur to different algorithms, which are divided in (the list does not 
want be exhaustive): exact solutions algorithms and heuristics algorithms. The first class includes 
algorithms of type branch-and-bound (Land and Doig 1960) and branch-and-cut (Grötschel and 
Holland 1991; Padberg and Rinaldi 1991). Concerning the heuristics algorithms, it is possible to 
include (Rosenkrantz et al. 1977): algorithms based on a tour construction (nearest neighbor 
algorithm and other insertion variants) and algorithms based on a tour improvement (2- opt, 3- opt). 
The nearest neighbor algorithm (Rosenkrantz et al. 1977) starts with a tour containing randomly 
chosen city. The algorithm then adds to the last city in the tour the nearest not visited city. It stops 
when all cities are on the tour. As concern insertion algorithms, they start with a tour consisting of 
an arbitrary city and choose at each step a city 7 that is not on the tour. This city is then inserted 
into the existing tour between two consecutive cities < and =. The algorithm stops when all cities are 
on the tour. Depending on the way wherein the city is inserted, there are algorithms nearest 
insertion (city 7 is chosen as the nearer to any other city on the tour), farthest insertion (city 7 is 
chosen as the farther to any other city on the tour), cheapest insertion (city 7 is chosen depending 
on the cost of insertion) and arbitrary insertion (city 7 is chosen randomly from all cities not on the 
tour).  
The algorithms based on a tour improvement are particularly interesting. In optimization, a 2-opt 
algorithm (Croes 1958) is a simple local search algorithm. A complete 2-opt local search will 
compare every possible valid combination of the swapping mechanism. It solves the TSP taking a 
route that crosses over itself and reorder it, so that there is no more crossing. This procedure 
systematically exchanges two edges in the graph represented by the distance matrix, till no 
improvements are possible. The resulting tour is a cycle containing all nodes on the graph, 
minimizing the total length of the cycle, called 2-optimal. Similarly, a 3-opt algorithm (Lin 1965) 
involves three edges in a tour. Due to its diffusion, feasibility in computation terms and to 
availability of its use also to solve large problem sizes, a 2-optimal algorithm has been used in 
simulation presented in Section 3. 
 

  



2.2 Sampling Methods 

2.2.1 Population, sample and sampling design 

Consider a population 8 = .1, … , 7, …23 of size 2. A sample 9 is a subset of the population. A 
sampling design is a probability measure on the set of all the possible samples :(9) ≥ 0 for all 
9 ⊂ 8 with 

3:(9) = 1.
<⊂=

 

The random sample > is a random subset of 8 whose the distribution of probability is given by the 
sampling design '(> = 9) = :(9), 9 ⊂ 8. The inclusion probability .$ of unit 7 is the probability 
of selecting this unit in the random sample and can be derived from the sampling design  

.$ =3:(9), 7 ∊ 8.
<∍$

 

Now consider a variable of interest A whose the value taken on unit 7 is denoted by A$. The total  

( =3A$
$∊=

 

can be unbiasedly estimated by the Horvitz-Thompson estimator  

( =3A$
.$$∊B
, 

provided that .$ > 0, for all 7 ∊ 8. 
There exists a large number of sampling designs with unequal inclusion probabilities. In the next 
two sections, we present the ordered systematic sampling and the ordered pivotal method. 
 

 

2.2.2 Ordered Systematic Sampling 

Systematic sampling (Madow 1949) is one of the most used sampling methods. Let 0 < .$ < 1 the 
inclusion probabilities of units 77, < = 1,… , E, with ∑ .$$∈= = E, then &$ = ∑ .G$

G56 , with &H = 0 
and &4 = E (Tillé 2006). The method proceeds in this way. First, generate a uniform variable 
I	in	,0,1-.	Next unit 76 is selected, if &$JK6 ≤ I < &$J. The second unit 7* is selected, if &$LK6 ≤
I + 1 < &$L. In fine, the =Mℎ unit is selected if 

&$OK6 ≤ I + = − 1 < &$O .      (1.1) 

In ordered systematic sampling, a lot of joint inclusion probabilities could be equal to zero. They 
can be computed by using: 



&$G =

P
Q
R
Q
S3.7
GK6

75$
,																																																			<T	7 < U

3.7
4

75$
+3.7

GK6

756
= E −3.7

$K6

75G
, <T	7 > U.

 

Next the joint inclusion probabilities are given by 

.$G = min	.max	(0, .$ − X$G), .G3 +min	..$, max	(0, X$G + .G − 1)3,							7 < U, 

where X$G = &$G − Y&$GZ (see Tillé 2006).  
 

 

2.2.3  Ordered Pivotal Sampling 

Ordered pivotal method, also called Deville’s systematic sampling (Deville 1998) is a particular 
systematic method. This technique selects only one unit in each interval ,< − 1, <,, with < = 1,… , E 
and the &$ is constructed according to (1.1). The method generates E non independent random 
variables I7, < = 1,… , E with uniform distribution I7~8,0,1,. For each variable <, the unit 7 is 
selected if  

&$K6 ≤ I7 + (< − 1) < &$. 

The main idea of Deville is to introduce a dependency between the I7 in such a way that each unit 
can only be selected once in the sample.  
Chauvet (2012) have shown that the Deville systematic sampling is the same as the ordered pivotal 
method. The pivotal method has been proposed by Deville and Tillé (1998). At each step of the 
pivotal method, only two units are considered. One of these two units is either definitively selected 
in the sample or definitively excluded from the sample. If these two units are selected sequentially 
the method is called the sequential pivotal method. 
As systematic sampling, ordered pivotal method is an ‘ordered’ method of sampling in the sense 
that the selection of consecutive units is avoided. This method is particularly efficient when the 
neighboring units are similar.  
 
 

2.3 Spatial Sampling Methods 

2.3.1 Generalized Random-Tessellation Stratified Method 

The Generalized Random-Tessellation Stratified Method (GRTS, Stevens and Olsen 2004) is one of 
the most popular methods in spatial sampling. Essentially, it assigns to the population units a 
defined order, according to a recursive hierarchical randomization process which preserves the 
spatial relationships of the sample units. Then, the units are arranged in order and mapped from 
two- or multi- dimensional space in one-dimensional space, through a quadrant recursive function 



(Mark 1990).  
The samples are then selected in one dimension, using systematic .:9 sampling and then mapped 
back in the original two- or multi- dimension, preserving the spatial order. GRTS design ensures 
that drawn samples are much more evenly distributed over space than ordinary probability designs. 
It uses an inclusion probability function, defined intensity function .(9), which has the usual finite 
population sampling interpretation for discrete populations (Stevens and Olsen 2004). 
The GRTS has been the most used probability method in spatial sampling, because it can manage 
linear, areal or not contiguous data. It is important to note that the mapping used in GRTS is not 
perfect, due to impossibility to exclude that units originally near in distance are mapped in the one-
dimensional space far apart one from each other. 
 

 

2.3.2 Balanced Sampling: the cube method 

Balanced Sampling is a popular method to select units from a finite population, particularly in the 
case where the auxiliary variables are correlated with the variable of interest. Let \$ be a vector of 
values of : auxiliary variables. This vector is supposed to be known for each unit of the population. 
A sample is said to be balanced if the balancing equations given by 

3\$
.$$∊B

= 3\$
$∊=

 

is satisfied at least approximately. 
Some authors have proposed methods to select balanced samples (Yates 1949; Deville et al. 1988). 
The cube method (Deville and Tillé 2004) provides a general solution that can be applied to any set 
of equal or unequal inclusion probabilities with a large number of auxiliary variables. 
The cube method thanks its name to a geometric representation of a sampling design. Indeed each 
sample can be represented as a vector of 0 and 1 and is thus a vertex of an hypercube in an 2-
dimensional space. This method enables the selection of balanced samples while satisfying 
predefined inclusion probabilities. The idea of the algorithm consists of transforming randomly at 
each step the vector of inclusion probabilities . while satisfying the balancing equations (Deville 
and Tillé 2004). 
The cube method is structured in two phases: a flight phase and a landing phase. The flight phase is 
composed of a random walk that starts from the vector of inclusion probabilities and remains inside 
the intersection between the cube and the constraint subspace given by the balancing equations. 
This procedure stops when it arrives at a vertex of this intersection. If the vertex of this intersection 
is a sample, then this sample is selected. If this vertex is not a sample, it means that the balancing 
equations can only be approximately satisfied. In this case, the landing phase is applied and the 
sample is selected as near as possible to the constraint subspace (Deville and Tillé 2004). 
In this paper the cube method has been applied in the case of ordered sampling, obtained by TSP, 
and as a spatial sampling method. In both cases, the geographical coordinates of units have been 
used as balancing variables. The cube method has been implemented on TSP path by using a 
sequential algorithm (called sequential cube method), which is computationally very fast (Chauvet 
and Tillé 2006).  



3. Ordered Spatial Sampling using TSP: the case of Belgian 
municipalities  

3.1 Data 

The dataset used in the following example is composed by 589 observations, corresponding to the 
Belgian municipalities, and by 44 economic, social and demographic variables. For all the 
municipalities the geographical coordinates based on centroids of communes are available. The data 
are updated to December, 31, 2011. The map of Belgian municipalities is available in Figure 1. The 
country is divided in three regions: the Flemish Region (north), the Walloon Region (south) and the 
Brussels-Capital Region (center-north). The first Region is one of the most populated of Europe in 
terms of number of inhabitants. The Brussels-Capital Region is very small with 19 municipalities, 
visible as the agglomeration in the middle of the map. Instead, the Walloon Region is characterized 
by a larger municipalities in area. 
 
 

Figure 1. Map of the centroids of the Belgian municipalities. 
 
 
 

 
 
 
 

3.2 A comparison between  sampling with and without TSP 

The sampling design consists of selecting samples of E = 50 among the 589 municipalities with 
equal inclusion probabilities based on the TSP. In what follows, all generated samples have been 
obtained by using the same random seed, so that all realizations are directly comparable and 
differences between them can be ascribed only to differences in the sampling methods used. By 
using the R package ‘TSP’ (Hahsler and Hornik 2007) the TSP can be solved for the 589 Belgian 
municipalities. The method used to solve the TSP is a 2-opt procedure (Croes 1958). Figure 2 
presents the best solution we have found for the Belgian municipalities. 

 



Figure 2. Best path computed on Belgian municipalities using 2-opt method. 
 

 

 
 
 
Once the unit of the population is ordered by the TSP, it is now possible draw samples of fixed size 
E = 50 with equal inclusion probabilities with an ordered sampling method. Samples are then 
selected by means of ordered systematic sampling, ordered pivotal sampling and ordered cube 
method, all implemented by using R package ‘sampling’ (Tillé and Matei 2005). The samples have 
been selected 10000 times. In Figure 3, different samples obtained are presented. 
 

 

Figure 3. Examples of samples of E = 50 drawn with equal inclusion probabilities by ordered systematic sampling (a), 
ordered pivotal sampling (b) and ordered cube method (c) on a TSP path. 

                 

  (a)                                                                       (b) 



 

    (c) 

 
 
In order to compare the samples drawn with the order given by TSP, samples are also drawn with 
equal inclusion probabilities of size E = 50 by simple random sampling without replacement 
(SRSWOR) and by spatial sampling designs GRTS and cube method (Figure 4). 
 

 

Figure 4. Samples of E = 50 drawn by SRSWOR (a), GRTS (b) and cube method (c). 

                  

    (a)                                                                        (b) 

 



 
   (c) 

 
 

As we can see, the samples are spread very differently in the space according to the sampling 
designs. In the case of methods constructed by using TSP, the algorithm orders the units in order to 
minimize the length of the tour. Then, the sampling methods have been applied on these ordered 
units. So that, all the methods used in combination with TSP select units according to the same 
order of units. For the other methods, the GRTS method and the cube method balanced on 
coordinates, the units are selected on a randomly sorted population. The selection is only based on 
the geographical positions of the units in the space. 
 
 

4. An application on economic data 

As said before, the dataset used in this paper is composed of many variables on the Belgian 
municipalities that have been evaluated in an economic perspective. Here, we take into account only 
four variables: the medium income of population (“MediumIncome”), the number of inhabitants 
(“Residents”), the number of migrants (“Migrants”) and the total tax paid by population (“Tax”).  
To conduct an evaluation of different sampling methods used to select the samples, the variable 
MediumIncome has been estimated by drawing samples of size 50, 100 and 200, with the sampling 
methods presented before. The Horvitz-Thompson estimator has been used to estimate the total 
population and the variance estimation of the HT estimator has been calculated using the Deville’s 
method (Deville 1993).   
In Table 1, the values of the variance are approximated by simulations for the different sampling 
methods. Furthermore, in the same table, the values of the approximated variance are compared for 
the different methods:  

- SRSWOR (simple random sampling without replacement),  
- OSS TSP (ordered systematic sampling through TSP),  
- OPS TSP (ordered pivotal sampling through TSP),  
- OCM TSP (ordered cube method through TSP),  
- GRTS (the GRTS method) and  
- CM (cube method balanced on coordinates).  

Simulations are only run for equal inclusion probabilities, because the variable of interest is 
strongly correlated with the other available variables. The samples have been all spread on the 



geographic coordinates, distinguishing between methods that use the order of units given by TSP, 
and spatial methods where the order is chosen randomly, according to the geographic position in the 
space. 
 

Table 1. Results of 10000 simulations with equal inclusion probabilities for the variable MediumIncome. 

 
Variance approximated by the simulations 

 
Design n=50 n=100 n=200 

SRSWOR 1.91887e+16 1.42511e+16 8.96149e+15 

OSS TSP 1.67055e+16 5.19828e+15 2.29457e+15 

OPS TSP 1.30683e+16 5.14986e+15 2.62426e+15 

OCM TSP 9.96893e+15 5.73177e+15 2.59631e+15 

GRTS 1.66605e+16 6.32101e+15 2.44191e+15 

CM 1.51785e+16 1.04383e+16 8.2236e+15 

 
Variance approximated by the simulations in relation to SRSWOR (%) 

 
Design n=50 n=100 n=200 

OSS TSP 87.06 36.48 25.60 

OPS TSP 68.10 36.14 29.28 

OCM TSP 51.95 40.22 28.97 

GRTS 86.82 44.35 27.25 

CM 79.11 73.25 91.77 
 

 

Results of simulations show that all the sampling methods have smaller estimated variance with 
respect to simple random sampling. This result confirms the one expressed in Dickson et al. (2014) 
about the concept that spatial sampling methods are better in terms of estimation with respect to 
non-spatial designs. The use of TSP to spatialize the non-spatial designs gives a good improvement 
and makes these methods comparable or better than GRTS, which can be considered as a 
benchmark in spatial sampling.  
When the sample size increases, the methods that use the order given by TSP are more and more 
efficient. In this case, the effect of spreading increases in function of the sample size, with respect to 
SRSWOR. In the case of cube method, the use of TSP causes an important improvement in the 
variance estimation with respect to the use of the same method only balanced on the coordinates. 
The quality of spreading of the methods can also be evaluated by using the Voronoi polygons 
approach developed by Grafström et al. (2012). This index of spatial balanced can easily be 
computed by means of the R package ‘BalancedSampling’ (Grafström 2014). Results are shown in 
Table 2. 
  



Table 2. Index of spatial balance for the different sampling designs. The designs with the smallest indices are better 
balanced. 

 

Design n=50 n=100 n=200 

SRSWOR 0.3386 0.3177 0.2993 

OSS TSP 0.0866 0.0939 0.1235 

OPS TSP 0.2493 0.1273 0.1547 

CM TSP 0.1642 0.1641 0.1883 

GRTS 0.1355 0.1363 0.1640 

CM 0.3003 0.2983 0.2902 
 
 
 
All the methods under examination produce samples much more spatially balanced than non-spatial 
designs, such as SRSWOR. All the methods using TSP have a small index of spatial balance, with 
the best results obtained with ordered systematic sampling, especially with a small sample size. 
GRTS method has been confirmed as a good method also in terms of spatial balance, which slightly 
decreases when the sample size increases. The difference obtained in the case of the two 
applications of the cube method is also very interesting. Indeed, the ordered TSP version is much 
better than the version balanced on the geographic coordinates.  
 
 

4. Discussion 

The use of Traveling Salesman Problem in the context of spatial sampling gives an important 
advancement to this field of research. The simulations have shown that in most cases the efficiency 
is better than for GRTS. The use of TSP to render spatial some classical non-spatial sampling 
methods is an important innovation, because it gives the possibility to implement several sequential 
methods.  
In the economic application presented, it has been showed that this new family of spatial methods is 
very functional to draw samples, both in terms of variance estimation, and consequently of 
efficiency in estimation, and of spatial balance. Samples drawn with TSP family methods showed an 
important reduction in the variance and enthusiastic results in terms of spatial balance, such to 
compete with GRTS, which is probably the most used spatial sampling method. 
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