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Abstract
This paper presents a backtesting exercise involving aeVaR models for measur-
ing market risk in a dynamic context. The focus is on the caispa of standard
dynamic VaR modelsad hocfat-tailed models and the dynamic Peaks over Threshold
(POT) procedure for VaR estimation with different voldyilispecifications. We
introduce three different stochastic processes for theekstwo of them are of the
GARCH-type and one is of the EWMA-type. In order to assess étopmance of the
models, we implement a backtesting procedure using théoksgps of a diversified
sample of 15 financial assets. The backtesting analysisrsdkie period March
2004 - May 2009, thus including the turmoil period corregtiog to the subprime
crisis. The results show that the POT approach and a Dynaisiorital Simulation
method, both combined with the EWMA volatility specificatjoare particularly
effective at high VaR coverage probabilities and outpenféine other models under
consideration. Moreover, VaR measures estimated witlethrexlels react quickly to
the turmoil of the last part of the backtesting period, sa thay seem to be efficient
in high-risk periods as well.

Keywords: Market risk, Extreme Value Theory, Peaks over Threshold, Vallrisk, Fat tails.






1 Introduction

Market risk was the earliest type of risk systematically tackled both by prawitioand academics. Mas-
sive developments in the methodology have been triggered by the reldhsévtdrket Risk Amendment
by the Bank of International Settlement (BIS, 1996). In order to keegrtaio capital buffer against ad-
verse market movements, banks and financial institutions with relevantdradiivity have to measure
regularly the exposure on the financial assets held in their trading postfolibis exposure has to be
converted in a monetary amount, the so-called regulatory capital requjeénsamarket risk. Standard
approaches to market risk measurement are mostly based on the normalihptisa, which is often
inadequate from the empirical point of view.

A well-known measure of market risk, used both for internal risk managewmsd regulatory pur-
poses, is the so-calledhlue-at-RisKVaR), which estimates, given a certain time horizon, the maximum
loss that a bank is going to suffer with a certain probability level. The Vaiginaily proposed by J.P.
Morgan (RiskMetrics, 1996), has become a standard tool in market riskgeanent.

Employing the VaR parametric setup requires various statistical assumptiaccenonly accepted
starting point is that, when dealing with the production of short-term VaR estiratiynamic approach
is preferable, because it allows to capture the empirical properties ofghditne series. In this case,
the primary concern is the choice of an accurate econometric model thainékaccount some stylized
facts of financial time series. Among them (see, for example, Cont, 2@&lLain features considered
in this article are heteroskedasticity, persistence and fat tails. The firsirevstrictly connected with
the empirical autocorrelation function of squared losses, which is typicaihificantly positive for a
long time, while the third one is observed both in the filtered conditional loss distiband in the
unconditional loss distribution.

Many VaR models try to incorporate one or more of these stylized facts. diiest dynamic VaR
approaches assemble conditional volatility models like ARCH (Engle, 1982)A6®CH (Bollerslev,
1986), which directly model the persistence in squared returns/losgbthesstandard normal distribu-
tion. Although they usually fit the data reasonably well, the normality assumptigenisrally a cause
of VaR underestimation, because the filtered conditional loss distributiorthieedistribution of stan-
dardized losses, is often heavier-tailed than the normal. Thus, espetihlghacoverage levels, these
models are quite inadequate.

An obvious solution (see, for example, Angelidisal, 2004; Hunget al., 2008) consists in fitting
a distribution with tails fatter than the normal: the data generating processgs fram the simple
standardized Studehbr Generalized Error Distribution (GED), to the more complex Edgeworthe®a
distribution (see Baixauli and Alvarez, 2006). From a theoretical pdiwiew, each of these models
may suit the filtered loss data better than the normal distribution. Howeveratldyased oa priori
hypotheses on the data-generating process. This fact, which entailtssdmé&generality, is considered
their major drawback, although the performance may be good in speciéis.cas

Recently, there have been a lot of efforts towards the implementation ofigeesnand methods be-
longing to the field of Extreme Value Theory (EVT). In particular, the Pe@ker Threshold (POT)



method seems to be the most effective way of applying EVT to VaR estimatioe; Wwerrefer mainly
to the dynamic POT approach developed in McNeil and Frey (2000)aRdez (2003), and Battacharya
and Ritolia (2008). This procedure allows to simultaneously take into acpeusistence in squared re-
turns/losses, heteroskedasticity and fat tails. Roughly speaking, it apdi¢raditional POT framework
(Embrechtset al, 1997; McNeil and Saladin, 1997) to the GARCH residuals or, more gépetio any
volatility-filtered loss time series. The main advantages of the approachraeeadjty, strong theoretical
basis and acceptable computational tractability, as well as accuracy whkmgwith fat-tailed data.

The analysis presented in this paper provides the results of a backtestnogse aimed at assessing
several dynamic VaR estimation models applied to the log-losses of 15 finarstraiments - equities,
currencies and indexes. We employ three different dynamic POT modeis, thin-tailed and severad
hocfat-tailed alternative VaR models. The goal is to compare the dynamic POT mwitlelslternative
VaR models and, in particular, assess their accuracy with respect ta-ttafdd ad hocmodels. More-
over, we assess the impact on the results of two different (EWMA and@#ARolatility filters for the
losses.

The paper is organized as follows: Section 2 briefly summarizes seaRab®sed techniques for mar-
ket risk measurement. Section 3 outlines the core EVT theoretical resultsjfig on the dynamic POT
procedure for VaR estimation. Section 4 presents the procedure emptogerform the comparison of
the models. Section 5 reports the main findings of the analysis. Finally, Sectiomt&ns concluding
remarks and discusses some issues open to future research.

2 Measuring market risk: methods and approaches

The exponential increase in the amount of traded assets, the broadgroaving financial integration
through countries, and the uncertainty that accompanied the last twoedechthe '90s have led to
an augmented concern about systemic risk. In particular, the need to momitaskhof big losses
caused by large drops in prices became more and more relevant to boldtaegyand financial insti-
tutions. One of the most successful market risk measurement models, namalgR system based
on the RiskMetricE¥ framework (RiskMetrics, 1996), was developed by J.P. Morgan Chnatbe late
'80s. At present, VaR is considered a standard tool, largely employtaddiinternal risk management
purposes and for regulatory capital charging. The success of #aRe explained by its theoretical and
computational tractability, its flexibility and its adoption as a risk measure for iatemodels in the BIS
Market Risk Amendment.

The VaR measures the maximum loss that a bank or a financial institution wa surifhis trading
book over a certain time horizon with a predetermined probability lgvell — a, called coverage level.
VaR is a large quantile of the loss distribution (unconditional or conditionat},aams at summarizing
the downside risk of a portfolio or a single asset. From a mathematical poigwfthe VaR at leveg
is the real numbek such that:

]P(xgk):/kf(x) dx = 1-a, k=VaRQq),
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wheref (x) is the density function of the random variableised for modelling the losses. The probability
level a indicates the expected relative number of violations (losses bigger thay Waie q is the
expected coverage level or, in other words, the probability that loséldsensmaller or equal than the
VaR value.

One of the major drawbacks of VaR is its inability to give an indication aboutrtieedail of the loss
distribution: VaR gives the maximum loss that will not be exceeded with a certagrage leveq), but
does not tell anything about the potential losses above VaR, which aedmd primary importance. This
problem can be taken into account by means of the so-cakpdcted Shortfa(ES), i.e. the conditional
mean of the losses that exceed VaR:

ES(a) =E(X| X >VaRq)) = i/vzp(q)x f(x) dx.

Given a certain coverage levgl VaR estimates the potential maximum loss that will not be exceeded
with probability g, and ES supplements this information by giving a measure of the averagablogs
VaR. Using both risk measures is sometimes very useful, particularly wheiskhmanager is concerned
about big but rare loss events in the tail of the distribution.

2.1 The VaR approach in an econometric framework

For market risk measurement over short time intervals, a dynamic apgesstchngly recommended, as
it allows to extrapolate sensible information from the loss time series and includbé VaR estimates,
leading to a forward-looking VaR measure that adapts daily to currentahadnditions. The most
common framework for dynamic VaR modelling assumes that losses follow aastaciprocess with
certain peculiar features, modelled in an econometric framework.

Let x; = —In(R/R_1) be the log-loss, or the negative log-return, from dayl to dayt, whereR
is the asset price on ddy The series; represents the path of log-losses over time, and is modelled
as the product of two components: a stochastic pahd a deterministic pad;;_;. The deterministic
component allows to bind losses through time. The random varzaisla zero mean and unitary variance
random variable with distributio® (©) and parameter spa€® while atz‘t_l is the conditional variance
of X:

% = Otj—1- %, z~9(0), E(z)=0, Var(z)=1,W, )

O-tz‘t—l = f()(t—]-? sy X Z)7

wheref (x_1,...,%1;{) is the equation for the conditional variance with parameferk is possible to
include a component for the conditional mean: in this case, ty;_1 + Gyt—1 - Z-

The VaR can be scaled virtually at any time horizon: a short-time horizon éiyid or 10 days)
seems to be more useful than very long time horizons. Generally, for ihteanket risk assessment, the
one-day-ahead VaR is the most sensible choice. According to (1), lyevd® is a quantile ofz with



coverage probabilitg times the standard deviation forecast:

VaRQ)t+1 = Oy - Z, Ot2+l\t = f(%-1,...,%1;{), (2
wherez, is a quantile ok at coverage leved anday 1 is the one-step-ahead standard deviation forecast.

2.2 Empirical properties of financial time series: modellingissues in a VaR framework

As noted by many contributions in the literature (see, for example, Mandelb®63; Fama, 1965;
Ding and Granger, 1996; Cont, 2001) some common statistical featuees faffancial return/loss time
series. ldentifying and modelling these characteristics is crucial for riskagement purposes, because
it is necessary to extrapolate predictable movements from the loss time serieeirtmimprove the
accuracy of VaR estimates. We now detail some stylized facts we will focustbis paper.

* Strong serial correlation and persistence in squared returns
Returns and losses are generally not significantly correlated. Howeigidoes not imply that
they are independent over time. The persistence effect of some pasitiggormations of losses,
such as squared or absolute values, is indeed well-known; see,doméx Ding and Granger
(1996), who also show that the empirical autocorrelation tends to depaljyran the first lags and
more slowly at higher lags. Thus, a shock on losses takes a long time todseneed, leading to
consecutively large returns/losses.

* Fat-tailed empirical distributions

A key and commonly investigated issue in the VaR literature is the presence tail$ain the
return/loss distribution. Even filtering the loss data with a volatility model, in ordegatber
the persistence in squared losses described above, the distributionretifltieses still tends to
show heavy tails. This feature is neglected in the earliest VaR models, whihh filtered losses
with a standard normal distribution, leading to a normal conditional loss ditiibd(0, at2+1\t)'
This assumption is consistent with the hypothesis of log-normal prices anasatitosimplify
considerably the VaR estimation procedure, but seems to be unrealisti@aarddding.

Strong serial autocorrelation and persistence in squared returngéicitly modelled by Engle (1982)
ARCH and Bollerslev (1986) GARCH approaches. The GARCH(1,1)thyaframework is the most
common GARCH model in the literature and can be formalized as follows:

X=0-2% 2z~D0), F=wtad +po’, Wt

It takes into account serial correlation and volatility clustering, but dagguily consider volatility
persistence and long memory. Bgleparts from 1, the GARCH(1,1) process gradually gives less weight
to the past squared losses, as can be seen by substituting recu.m;{i\{dty(S):

of = w(1-P) "+ a_iﬁixtzi :
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The process estimated for the analysis presented in this paper produaesrage3 equal to 0.89 for
equities and currencies and 0.875 for indexes; moreover3 results mostly very close to 1. This seems
to be a typical behavior of GARCH processes on returns/losses gexample, Angelidist al, 2004).
For this reason, we call a GARCH model with< 0.90 a ‘typical GARCH model'. Such a lof# keeps
the weight structure from accounting for long memory in squared lossgksefmore, the autocorrelation
function is not in accord with its empirical counterpart, which often remainsifsgignt for many lags.
Roughly speaking, the weight structure starts too high, decays too rapidlgpproaches zero too soon.

The presence of long memory in squared returns and the need to modedtiefappropriately seems
to be an emergent topic in the financial literature for returns/losses time @@nesand Granger, 1996).
An elegant approach is the so-called Fractionally Integrated GARCHARIGH), proposed by Baillie
et al. (1996), which models the conditional variance allowing for an hyperbalie of decay (see also
Christodoulou-Volos and Siokis, 2006; Gil-Alana, 2006). This prockewever, is considerably more
complicated than the standard GARCH from the statistical and computationabpeiaw.

A simple model for the conditional volatility, which partially accounts for highsisence and long
memory, is the Exponentially Weighted Moving Average (EWMA) framewonketigped by J.P. Morgan
in its RiskMetrics™ environment (RiskMetrics, 1996). The EWMA volatility model is a non-paraime
truncated exponential weighted average of past squared lossesprigsson, for the univariate case, is
the following:

T

1

0%, =~ AT 4, T=751=094. (3)
S AT-17=1
T=1

ForT — , (3) converges to the recursive equatiogf= (1—A) X2 ; + A g? ;. Thus, the EWMA model
is a restricted IGARCH specification, with=1— A andf3 = A, so thata + 3 = 1.

Compared to the GARCH(1,1) specification, the RiskMettfc&WMA (75,0.94) variance partially
captures the volatility persistence effect when> 3. In the standard casa, = 0.94 is sufficiently
large to improve the typical GARCH process. Therefore, if one is worgieout persistence effects
and correlation in squared losses and tries to account for these phemaritie a simple but reasonably
accurate variance model, the EWMA specification is certainly of interest.

Both the GARCH(1,1) process and the EWMA model require a distributiossiiraption for the
stochastic componerg. If the filtered return distribution is fat-tailed; should reflect this feature.
The original RiskMetricE¥ framework is based on the normal distribution, as well as most of the basic
first-generation GARCH models employed for dynamic VaR estimation. This emaéy be reasonable
at low VaR coverage level (say, up to 95%) where estimating the density taithef the empirical fil-
tered loss distribution is not as important as in the case of high coverade (8986 or higher). In the
latter case, neglecting the presence of fat tails and excess kurtosis rdag eaystematic underesti-
mation of VaR. Several models aim at solving this issue: the most common axad hechypotheses
on the law governing the stochastic component, such as the standardidedt$tistribution and the
GED distribution. Both these distributions have tails fatter than those of the handaare well suited



for modelling filtered losses. A more convincing approach is based onrgatx@lue Theory.

3 Extreme Value Theory for VaR estimation: a dynamic approach

Extreme Value Theory (EVT) is a comprehensive set of statistical puwesdor the analysis of extreme
data. Originally, EVT concepts were applied mainly to the study of natura¢mrand rare events,
such as floods and earthquakes. However, EVT quickly became paputee financial and actuarial
literature, in particular for modelling very large insurance losses. In thewimg, we mostly follow
the setup proposed by Embrechktsal. (1997), adding some innovative features regarding the volatility
model.

Within the EVT framework, there are essentially two kinds of methodologiesn Ewugh they are
related, each of them treats extreme data in a different manner.

* Block Maxima MethodBMM).
The BMM method focuses on the largest values (maxima) taken from sanfjhelependent and
identically distributedi{d) observations. It is moderately expensive in terms of data, because it
only uses periodical maxima and, therefore, requires wide datasets.

* Peaks Over Threshol@OT)method
The POT method focuses on observations that exceed a high thredlimtiefined on the excesses
(i.e., the observations larger than some threshplthd is generally considered more efficient than
BMM, because it uses all the excesses, not only periodical maxima.

Recently, there has been a lot of interest about POT models in the finditerialure: in particular,
McNeil and Frey (2000) propose an innovative application of the P@€quiure to dynamic VaR and
ES estimation; see also Fernandez (2003) and Batthacharyya and Rii9&).(2

3.1 The Peaks Over Threshold method

Let (x1,...,X,) be a sequence d@fl observations from a random variatewith unknown cumulative
distribution functiorF (x). Let ue R* be some predefined large value in the suppoi afid let Xy < o
be the right endpoint df. The POT procedure focuses on the excess distribution over a higtihde
u, that is the distribution oY = X — u. It can be described by the conditional distribution functiory of
givenu, i.e. the probability that the losses exceed the threshold by no more than antamo0, given
that the threshold has been exceeded:

F(y+u)—F(u)

1-F 0<y<x-—u. (4)

P(X—ugy\X>u>:Fu(y):

The procedure relies on an important EVT result, the Balkema, de HaaRiekahds (BHP) theorem
(see, for example, McNe#t al., 2005, p. 277). It says that, under some conditions and for a certain



class of underlying distributions, the excess distribution converges togher@ized Pareto Distribution
(GPD):

IBu) >0 : uIirQ sup |Fu(y) —Gepu(y)|=0 <= FeMDA(H;), EcR, (5)
= XF 0<y<xe—u
where
1
1—@+5%) & it g0, y>0 if £>0,
Geply) = D(Ggp) =
1exp( ) it £=0, o<y<£ it &<o,

are respectively the cumulative distribution function of the GPD and its supdde BHP theorem
(5) ensures that, iF belongs to the maximum domain of attraction of theneralized Extreme Value
distribution(GEV), for some reaf , and if the threshold tends to the right endpoint of the support, there
exist a positive measurable functiftu) such that the GPD is the limiting distribution of the excesses
Y above the threshold. In practice, this means that the distribution of thesdossey = X — uis well
approximated by a GPD, given thatis sufficiently large. For our purposes, it is worth adding some
comment about the two main assumptions of the theorem.

* F € MDA (Hg).
Letxy,..., X, be a sequence difl observations fronf and letM, = max{xa, ..., %, }. The Fisher-
Tippet theorem states that, if there exist appropriate norming congtamt® andd, € R such
that the normalised maxima converge to a non-degenerate distrilbiitithris limit distribution is
a GEV:

Mn—dn

Ch

~SH, H=Hgg.

All distributions for which this condition holds are referred to as distributionthe maximum
domain of attraction of the GEV, for sondec R. In other termsF € MDA(Hgcg).

* U— Xo.
The choice olu is the critical issue in the POT procedure. When fitting the GPD to data, a high
threshold can lead to a small sample (too few excesses) and a low threabhe&s @ departure
from the limiting result of the BHP theorem. This suggests that the choice of thghibidu is
essentially related to the trade-off between variance and bias of the esimator

The standard versions of the Fisher-Tippet and BHP theorems areg tiagd data, but returns and
losses are generally dependent. Fortunately, the convergence lawrfoalized maxima and for the
excess distribution also holds for processes with extremal idexl (such as, for example, ARMA
processes; see McNait al, 2005, p. 270, for a definition of extremal index). For processes with



extremal index@ < 1 (this class includes, among others, ARCH and GARCH processes) thedgnuit r
is not completely justified because of the presence of extremal clusterthanefore, noriid excesses.
In the latter case, the application of the POT procedure is somewhat prdialelinseems therefore more
convenient to work with approximatelid data, applying an appropriate filter to the losses.

The core of the POT procedure is the use of the GBLx(y) as an approximation of the excess
distributionF,(y). As said above, the underlying distributiénmust belong to the MDA{; ) for the
limit law to work. For the purposes of this paper, it is enough to note that @iat al., 2005, p. 278)
‘... essentially all the common continuous distributions of statistics or actuareise are in MDA(H)
for some value of’. This means that the GPD can be thought of as the general model fessecover
a high threshold, without imposing amagl hocassumption off.

Using the limit result in the BHP theorem, (4) implies that the tail of the underlyirtgldigion F has
the following representation:

F(x)=[1-F(W)] Ggpu () +F(w), x>u. (6)

Substituting in (6) the GPD density and inverting, we obtain the expressidhdaguantile at coverage
levelq:

Bf[ a ]° -
zq:u+§ =M -1, F(u)>a, )

wherea = IP’(X > zq) andF (u) = 1—F(u).

3.2 The POT procedure in a dynamic market risk measurement franework

The POT procedure for dynamic market risk measurement is mostly badddMeil and Frey (2000).
They suggest to perform the following steps.

* Fit an AR-GARCH-type process to the loss data, in order to capture ttespence in squared
losses, using the Quasi-Maximum Likelihood Estimation (QMLE) procedure.

* Apply the POT procedure to AR-GARCH residuals by fitting with Maximum Likelid estima-
tion (MLE) the GPD on the excess filtered loss distributipg — u). This allows to estimate the
tail of the filtered loss distribution.

* Use the POT quantile estimator (7), where the estimatdf 4f1) is Ez(u) =n 1yl 1z > upn
and the volatility forecasts to compute daily VaR estimates.

The model allows to take into consideration both volatility clustering and fat tailsdrfiliered loss
distribution, bypassing the problems related to the application of the POTdunedirectly to losses.

The use of the GPD in the tail allows an accurate estimation of the quaptiléth noad hocassump-
tion on the innovation distributioR,(z). Although not generally true in the case of loss time series, the



iid hypothesis for the residuals is usually acceptable when working with stiined losseg, given that
the volatility model is sufficiently accurate to capture the stylized facts citedeabov

According to McNeil and Frey (2000), VaR estimates obtained with this piureeare preferable to
both dynamic methods that neglect the presence of fat tails in the residdalsmeonditional methods.
Moreover, the dynamic POT applied to daily loss data gives slightly betteltsatan the GARCH
Studentt VaR model. As described in section 4.2, we slightly modify the procedure odtiiheve by
including different volatility models (two GARCH-type and the EWMA set-up).

4 Backtesting: datasets, models and procedures

4.1 Datasets and methodology

The backtesting analysis is based on 15 assets (including three indesasjfieéd by country (mainly
UE and USA), currency, market and business activity. Such a rdiativide list should improve the

robustness of the results. We use the log-lossiestead of the negative returns for convenience, because

the GPD is defined on a non-negative support. For each asset, the tiaentgwes from January 2, 2001
to May 9, 2009. The entire period of the loss time series can be split into twpesirdds.

* From January 2, 2001 to May 8, 2004. This contains the loss sampldsfasgaR estimation.
The samples are constructed as follows: the first period begins onry@h)@®01, ends on March
1, 2004 and is used to obtain the first VaR forecast (for March 2, 20Bdery VaR forecast is
obtained using a sample determined by shifting the previous sample one dal St call these
sub-periodssample periods

* From March 2, 2004 to May 9, 2009. We use this period to evaluate theegiiates obtained
with the models employed in the analysis. The choice of the time horizon is motivatdee b
presence of both relatively quiet and uprising market conditions (untitugey 2007) and the
turmoil caused by the sub-prime crisis that began (in terms of increasaditydlan March 2007
and came to its peak around mid March 2009. We refer to this period as tuettidesting period

Thus, the estimation scheme uses the ‘temporal moving window’ procedach: V@R estimate is ob-
tained on a different loss sample (the previous sample translated onerdaydpwith constant size. For
practical purposes, we introduce the following notation.

1. T is the entire period considered.

2. T; is the j-th sample period and; = {Xj’l,...,XLn} is the corresponding estimation sample.

Each sampl&; contains then realized losses of the sample period. The estimation sample moves

forward every day, dropping the oldest observation and adding thesteso the number of losses

nis constant for every samplkg;, Vj and equals to the number of trading days between January 2,

2001 and March 1, 2004.



3. Tpp is the backtesting period anth, = {Xop1 ;.- ., Xopm} IS the set of losses used for the back-
testing analysis. The length of the backtesting period is equal to the number of trading days
between March 2, 2004 and May 9, 2009.

The backtesting exercise is performed in an univariate framework: &dimancial point of view, this
means that each asset is treated as a single position in the trading portfoli@r #e indexes, we
neglect the dependence structure among their components; we consgks/ileturns of the indexes to
be a proxy of losses/returns of index-tracking funds or ETFs (thoglespositions), whose prices are
not available for such a long time backwards. The complete list of assetfoidonss:

* Luxottica, Italcementi, Unicredit (Milan);

* Credit Suisse, Vodafone Group Plc, Citigroup Inc., Ford Motors, bBoift Corp, General Motors
Corp. (New York);

* MIBTEL (now, FTSE ltalia All-Share), DAX 30, NIKKEI 225;
* GB Pound, BRA Real, ZAR Rand (all expressed in Euro);

Financial and banking stocks are included because they suffereddlestlanpact during and after the
financial crisis. Moreover, we chose a couple of ‘less extreme’ adsetsttica, Vodafone), automotive
firms and some indexes, mainly composed by financial, insurance and iabostnpanies. For cur-
rencies, two of them are more volatile (Real and Rand) and the remaininig omere stable (British
Pound). All currencies are expressed in Euro.

Summarizing, we are interested in measuring the VaR models performance iaribé F,,. The
models are estimated with the ‘temporal moving window’method that cresesially-sizedr) samples
and, thereforem VaR estimates, each of them associated to the trading dafgs.in

4.2 The models

The backtesting analysis involves dynamic as well as unconditional VaR mddgiarticular, we use
two different volatility models (GARCH(1,1) and EWMA(75,0.94)), some ad fai tails assumptions
and the dynamic POT procedure. Dynamic VaR models are grouped intoclhsses: dynamic POT,
dynamic fat-tailed and dynamic thin-tailed models.

4.2.1 Dynamic POT models

Our implementation of the POT approach estimates daily dynamic VaR measurpplyping the POT

procedure to the volatility-filtered losses. With respect to McNeil and F289@) we introduce some
modifications.

1. McNeil and Frey (2000) consider an AR(1) component; rather, eggect the conditional mean
specificatiory, , 1 in the GARCH(1,1) process. The reason is that, as pointed out by Angetidis
al. (2004), it does not seem to influence significantly the accuracy of tReegimates. In any
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case, to motivate empirically this remark, we tried to include an AR(1), MA(&) ARMA(1,1)
component for some assets (MIBTEL, Credit Suisse, Microsoft amitiRan almost all cases
(with a few exceptions within the estimation windoWs), the AR, MA and ARMA parameters
are not significant, whereas the total estimation time increases significantly.

2. As anticipated in Sect. 3.2, the POT procedure is applied both to GARGiHIa¢s and EWMA
standardized losses. Moreover, we employ two different GARCH pesse The first one, pro-
posed by McNeil and Frey (2000), is defined without assuming anyifgpdistribution for the
innovationsz (QMLE estimation procedure); the second one assumes standardizesht$turd
novations. The latter assumption is justified because, if we constrain the &Ipe parametey
to be positive (which is reasonable if one thinks that residuals are fat}tefied) belongs to the
MDA(Hg-0), that is the MDA of a Fréchet, which includes the Studedistribution. Therefore,
we assume implicitly that the distribution of the GARCH innovatiis Student- standardized,
but we estimate the quantitg by modelling its tail with the accurate POT approximation instead of
the standard Studenhtguantile. To sum up, we test three dynamic POT models: QMLE-GARCH
POT,t-GARCH POT and EWMA POT.

3. We choose the residual that gives a number of excesses largdiOanhis results in a threshold
equal to the 87-th empirical quantile in each sample pefipdWe solve the threshold trade-off
using, for all assets, the same criterion, thus ensuring that the POT estipratb@uure makes use
of at least 100 residuals: we believe that this number is a reasonableaoispbetween variance
and bias. The graphical technique often proposed in the literature (Entbes al, 1997, Sect.
6.2.2), consisting in setting the threshold at the point where the empirical meassefunction
becomes approximately linear, has revealed to be a useless tool whangweith large samples
of data and assets.

The decision of applying the POT procedure to EWMA-filtered losses isndu@nly to the compu-
tational tractability of the EWMA volatility model but also to its ability in capturing seehresiduals
persistence more deeply than the ‘typical GARCH’ model. The decay factdithe EWMA volatility
model is set to ®4 (as in the RiskMetricd" framework), thus leading to a decay of the weight structure
of the squared residuals slower than the ‘typical GARCH’ model.

The dynamic POT models employed in the analysis can be formalized as follows:

B[ a 1°
e et ] )

@] Ut2+1\t = w+a{ +Bio7,

75

1 _
[b] 0t2+1\t27571 Zl)\T 1XtZ,TH, A =094
AT
2,

The two volatility specificationfa] and[b] remain valid for all the models in the next two subsections.
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4.2.2 Dynamic fat-tailed models

It is possible to take into account heavy-tailed residuals bydimocassumption on the distribution

of z. The use of a standardized Studeméndom variable as a model for the stochastic component of
the GARCH process can be considered acceptable, since the Stutietnitsution with few degrees of
freedom is fat-tailed. The VaR is given by:

—2
VaR(Q)t1 = Opyap - Zgy VT zg=T,(q), v>2 (8)

wherez, is the quantile of the Studentdistribution withv degrees of freedom at the coverage layel
v/V—2/v is the reciprocal of the standard deviation for a Student- with v > 2 andT, (z) denotes
the cumulative distribution function of the Studentv. The GARCH parameters are obtained optimiz-
ing the standardized Studentikelihood function (see next section). We will refer to 8 with volatility
specifications [a] and [b] respectively asGARCH Studentt: and ‘EWMA Student+'.

Another possibility (Angelidi€t al., 2004) consists in modelling the stochastic compoaéytmeans
of a GED. The GED is a symmetric distribution characterized by a shape paramd-orv < 2, it is
leptokurtic. A dynamic VaR model with GED innovations can be written as follows:

VaRQ)ui1= O g Zo=Gylp4(0), 9)

wherez, is the quantile of a GED with shape parametemean zero and unitary variance &Bglo 1(2)
is the cumulative distribution function of the standardized GED. The estimattihhe GARCH param-
eters are obtained maximizing the GED likelihood function. 9 will be called ‘GEARGH GED’ and
‘EWMA GED’ models according to the volatility specifications.

A simple semi-parametric approach, not requiring any distributional assumiptithe residuals, com-
bines historical simulation and volatility filtering: we refer to this model as ‘Dynatigtorical Simu-
lation’ (DHS). Two similar techniques have been proposed by Boudetildh (1998), who apply the
EWMA weights directly to losses, and by Fernandez (2003), who woits @ARCH residuals. This
method estimates the quantiig by means of the empirical quantile of the residualffiltered loss distri-
bution rather than employing a predefined distributional assumption, is cotiopaisy light and quite
accurate, according to the results in Fernandez (2003). Given thdesafiiitered losse&; (with both
EWMA and GARCH conditional volatility) we compute, in each estimation pefipdVj = 1,...,m,
the ordered residualg 1), ...,z ;- --,Zj,n- 1he empirical quantile at coverage levgis just thek-th
ordered residual, whete= g-n. The DHS model for dynamic VaR estimation can be written as follows:

VaRQ)t+1 = Ot11t - Zg, 29 = Zgn)-

We apply this method to EWMA-filtered losses and4#8ARCH, N(0,1)-GARCH and GED-GARCH
residuals, leading to 4 dynamic VaR models called ‘EWMA DHSEGARCH DHS’, ‘N(0,1)-GARCH
DHS’ and ‘GED-GARCH DHS'.
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4.2.3 Dynamic thin-tailed models and unconditional models

Finally, we consider the distributional hypothesis used in the standard $Ration procedure, that

is the normal distribution. As often pointed out in the literature (see, for eb@amMcNeil and Frey,
2000 and Angelidiet al, 2004), the two normal-driven models corresponding to [a] and [bhllysu
underestimate the quantilg, in particular at high coverage levels. Nevertheless, they are commonly
used in practical applications: in particular, the latter is the univariate EWN&RNRetrics™ approach,
namely the standard solution for market risk measurement:

VaRQ)ii1= OapZg, Zg =P H(a),

Where(D’l(q) is the inverse of the standard normal distribution function at coveragé devin the
following, these models will be called respectively ‘N(0,1)-GARCH N(04yd ‘EWMA N(0,1) or
‘RiskMetrics VaR'.

Although conditional approaches for measuring market risk on a shontkasis are certainly prefer-
able, we also consider two unconditional approaches: standard hastsirculation (‘Unconditional
HS’) and unconditional POT. The first one estimates VaR as the empirieatitpiof the loss distribu-
tion, while unconditional POT estimates the tail of the loss distribution and hightiéggapplying the
POT procedure directly to losses (in edty), even though thed assumption for the excesses (see Sect.
3) may not be satisfied. A summary of the models employed in the backtestirgsexsrgiven in Table
1.

4.3 The estimation procedure

Let 6 = (w,a,B) be the vector of parameters of the GARCH(1,1) process with conditiomiinez
02 = w+ a1x2_ | + B1o?. The estimators of the parameters are obtained maximizing the log-likelihood
function of the GARCH model in use.

* For the GARCH POT model, estimation is based on QMLE. This allows to avoideaplicit
distributional assumption for the innovationdeading to a log-likelihood function derived from
the normal assumption, even though it may not hold true. It can be sheemcNeilet al.,, 2005,
p. 152, and the references therein) that, even when the GARCH innewatio not Gaussian, the
estimators are consistent and asymptotically normal. The same procedueel iughe N(0,1)
GARCH model estimation.

* For thet-GARCH (three models), the vector of parameter®'is= (v, w, a1, 1) and the log-
likelihood function used to obtain the estimates is based on the standardizeait$thgpothesis
for GARCH innovation.

* For the GED-GARCH process (two models), whéte= (v, w, a1, 31), the GED log-likelihood
function is used.
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Table 1: The table summarizes the VaR models tested in the backtestiiod Ty ,.

Name

Conditional variance

Distribution:
filtered losses

Estimation procedure:
conditional variance

QMLE-GARCH POT GARCH(1,1) Fz € MDA(Hgcgr) | QMLE —N(0,1) log-L
t—-GARCH POT GARCH(1,1) Fz € MDA(Hs-0) std Studentt-log—L
EWMA POT EWMA(75,0.94) Fz € MDA(Hgcr) -
N(0,1)-GARCH N(0,1) GARCH(1,1) N(0,1) N(0,1) log—L
t—GARCH Studentt- GARCH(1,1) stdt(v) std Student-Hog-L
GED-GARCH GED GARCH(1,1) GED(,0,1) GED log-L
EWMA N(0,1) EWMA(75,0.94) N(0,1) -
EWMA Student+ EWMA(75,0.94) stdt(v) -
EWMA GED EWMA(75,0.94) GED(,0,1) -
N(0,1)-GARCH DHS GARCH(1,1) N(0,1) N(0,1) log-L
t—-GARCH DHS GARCH(1,1) stdt(v) std Studentt-log—L
GED-GARCH DHS GARCH(1,1) GED(,0,1) GED log-L
EWMA DHS EWMA(75,0.94) - -

Unconditional POT

Unconditional HS

For a detailed review of the log-likelihood functions see Angeletigl. (2004). The whole procedure

can be subdivided in the following five steps.

1. Compute, in eacffj, the GARCH parameter estimatés the vector of past variance estimates
(both EWMA and GARCH), a vector of GARCH residuals?j = (2,.. .,2n)T, the EWMA stan-
dardized losse&! = (2, ... ,Zﬁ)T and the one-day-ahead volatility forecadts,; for the EWMA
and the GARCH models.

. Use the Ljung-Box test statistic, the empirical autocorrelation functioessfluals/filtered losses
and of their squared values to checkf';f and 2}‘ areiid. Evaluate the presence of fat tails by
means of Q-Q plots, histograms and formal (Jarque-Bera) test statis&tsviether the GARCH
parameters estimatésare significantly different from zero.

. Apply the POT procedure of Sect. 3 botfﬁpandf}‘. In eachT; set the threshold at the empirical
87-th quantile ¢;0*), obtaining the estimated exces¥gs- (Y1, ... ,yNu)T and \?J* = (Y- ,9’,(,U)T.
The estimation of the GPD paramet¢és [3,) uses the MLE method. The quantile estimate from
the tail of the filtered loss distribution at coverage layéd:

A . éu 1-¢
— 0+ 2 | =
A f”a(u)

_E N
] — 1}, with ﬁz(U) = le{z > 0}

The standardized Studen&nd the GED quantile estimators require the specificationarfidv,
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respectively the degrees of freedom for the Studdiited residuals/filtered losses and the GED
shape parameter. For the GARCH residuals, hothnd v are estimated within the GARCH
estimation procedure, while in the EWMA case an ad hoc estimation procederpiised.

4. For each day iff',p, compute the estimated filtered loss quargiléot each of the aforementioned
distributional hypotheses, procedures and models.

5. For each model in Table 1, compute all the VaR estimates for the backtestiog fi,,, adapt-
ing (2) to each specific formulation. Therefore, for edgh an out-of-sample VaR estimate is
computed, in order to get a VaR estimate for each trading day in the backtestiiogl Ty

VaR(q)1,...,VaRQ)m.

4.4 The backtesting procedure

A backtesting analysis requires the evaluation of the VaR models over eieniffy long backtesting
period. Accuracy is generally assessed by means of statistical testicedpres that rely on the com-
parison of the expected number of VaR violations implied by the model in usthardalized violation
series. In this analysis we employ an unconditional coverage test, theledfroportion of Failures
(PoF) test proposed by Kupiec (1995) and Christoffersen (1998).

Let l; be an indicator variable egaul to one if the VaR value estimated oh fdaylayt + 1 is smaller
than the correspondintgt 1 loss and zero otherwise:

1; if Xy > VaRQ) ,
leyi = vi

0; if X+i < VaRQ)ti,

I
J_\
3

wheret denotes the-th trading day inTpp. (lt)i—1,..m is @ sequence of independently and identically

distributed Bernoulli random variables:
iid .
ltvi ~ Be(a), a= P(><t+i >VaR(q)t+i) , Vi=1,....m
It follows that the sum of thés is a binomial random variable with trials and probability of success
o, whose expected number of successes is equal to

m
Yn= li+i ~Bin(m a).
2,

The PoF unconditional coverage test is a likelihood ratio test. The nullthgpis states that the failure
rateT=Yy/mis equal toa, while the alternative hypothesisis# a. Formally, the PoF test statistic is
defined as follows:

(o Tipa,... 0t
PoF = —2log (A mas At+m) )
(75 Tey1s- - ltm)

~

wherel(a;lii1, ..., Tem) = (1= a)Noa™, I(T Teeq, ..., lem) = (1— )N 7N, Ny is the number of
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violations in the backtesting peridth, andNg = m— N;. The test statistic tends to be small whnis
“close” to the expected number of violatiorRof = 0 when7fr= a) and large wheritis either larger or

smaller tharo. Thus, thePoF testing procedure allows to reject both a too conservative VaR model (too

large VaR estimates) and a poor VaR model (too small VaR estimates).

The PoF test statistic, fon+— o, is distributed as g? random variable with 1 degree of freedom. If
the test statistic is smaller than thx@uantile of thex12 distribution, where L yis the size of the test, the
VaR model under examination is accepted and therefore can be codsidiéable and effective.

The test was computed at sizes ¥ = 10% and - y = 5%. This choice is motivated by the trade-
off between a small size and its costs in terms of Type Il error: the smallerizee the larger the
probability of correctly choosing the null hypothesis but also the chafeeType Il error. In other
words, setting a high probability (for example, 99%) of correctly chooamgffective VaR model, we
also increase the probability of erroneously selecting an inappropriendalel, i.e. a VaR model with
too many or too few violations. This can be seen from Fig. 1, which reptesiee PoF test statistic with
m= 1,320 (approximately five years of daily observations) and a 99% coedexgl. The thick black
curve represents the values of the test statistic as a function of the nuiwiiatons (-axis), while the
vertical dashed line is the expected number of violations. The horizontal depFesent three different
critical values for the test, i.e. thequantiles of thex? distribution withy = 90, 95 and 99%. With a
1% size, the acceptance region of the test, represented by the lowermksirtty line and including
the numbers of violations such that the curve lies under the dashed Hatitios, is significantly larger
than in the cases corresponding to the 5 and 10% levels, causing a Byperlthat we deem too large.

Figure 1. The PoF test statistic as a function of the number of VaR tiaia (at 99% coverage level) and the
acceptance region as a function of the critical values cgpanding to the 1, 5 and 10% sizes.

—e— PoF uncond. test statistic

— —-99% Chi”*2 (1) quantile: 6.63
——95% Chi"2 (1) quantile: 3.84

- -+ -90% Chi"2 (1) quantile: 2.71
- — Exp.violations (1,320 obs.): 13
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|

POF statistic value
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N° of VaR violations
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5 Results

Since the end of the second quarter 2007, equity markets became inghgaslatile due to the emerg-
ing financial crisis culminated, in September 2008, in the default of Lehmathi&s and continued until
the end of 2008. In this period, the markets were characterized by alhyubkigh volatility levels and
huge losses due to deleveraging and flight to quality. The equity indexa®sifindustrialized coun-
tries wiped off almost all the capitalization accumulated since mid 2004 and, incasas, even more.
Similarly, the first quarter 2009 was dominated by high volatility and large loseddwide.

The models are implemented with three VaR probability leve)segual to 5, 1 and 0.5%, thus assum-
ing three coverage levels (95, 99 and 99.5%). The comparison of tinaligverformance of the models
during the backtesting period takes into consideration the number of regcfitime null hypothesis for
each VaR model: we count how many times each VaR model applied to the 15 losetie®(see Sect.
4.1) is rejected by the PoF test. This approach is justified because a meeetejected by the PoF test
is certainly preferable to a rejected (one or more times) model: thus, a VaR witiiéewer rejections
is considered more accurate. More specifically, we adopt two diffeamkings. The first one considers
the number of joint rejections with respect to the 99 and 99.5% VaR, so tlauisés on the behavior of
VaR estimates in the tail of the loss distribution. The alternative ranking coumtsutinber of rejections
at 95% and is used along with the first one to complete the empirical evidenceraing VaR accuracy.

5.1 Preliminary results

Due to space limitations, we cannot show here all the results. We limit ourdehaskstail the most
important outcomes of the analysis of filtered losses. We use both formagtpsticedures and graphical
representations to evaluate the statistical properties of volatility-filteredslogsefor the graphs, three
equally-sized filtered losses sub-samples are used for each assely sempectively on July 6, 2002,
June 15, 2004 and December 27, 2005. The main findings can be sundrerizglows.

* The Ljung-Box test with 20 lags applied to each filtered loss samf)jeaﬁd 2}‘) and to each
asset, does not produce, in almost all cases, any evidence of serghtion. Two exceptions are
the FORD and Luxottica GARCH/EWMA residuals for which, at the extremabebacktesting
period, the test accepts the presence of autocorrelation.

* The Q-Q plot of the filtered losses (with both EWMA and GARCH filters) withgect to the stan-
dard normal distribution shows the presence of heavy tails, in particuldreoright tail (losses).
This is more evident for the first and the third EWMA/GARCH filtered loss saimple.

* The mean excess estimator plot used for choosing the threshold of thedilemses sub-samples
gives ambiguous results. In general, for most assets and sample p#mmdgpected linear pat-
tern starts approximately at the threshold. In some cases, however, itisohidentify a linear
trend due to a large dispersion. In other cases, the linear trend seems &dstee the threshold
suggesting that the threshold should be larger.
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5.2 Estimation results

The firstissue of interest is the difference between the various estiratithié quantiles of the residuals
obtained with the models under consideration. For Citigroup, Fig. 2(a)skimvestimateg, Tor the
QMLE-GARCH POT model and the quantiles of the standard normal, all with%a €8verage level.
Similarly, Fig. 2(b) and (c) display, for the remaining two POT models-GARCH and EWMA) and
the estimated quantiles for dynamic models with the standardized Studistibution. The results for
the other assets are similar and therefore not reported here.

Figure 2: Citigroup. Estimates of the quantiles of the filtered losggsvith =99 and 99.5%. Dynamic POT
procedures.

QMLE GARCH(1,1) POT quantiles Student-t GARCH(1,1) POT quantiles EWMA(75,0.94) POT quantiles
— 99,5% = N(0,1) 99,5 % — 995% = t(v) GARCH 99,5% — 995% = t(v) EWMA 99,5%
— 9% = N(0,1) 99 % — 99 % = t(v) GARCH 99% — 9% = t(v) EWMA 99%
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As can be seen from Fig. 2(a), the normal quantiles are significantly lth@arthe POT (GARCH-
QMLE, t-GARCH, EWMA) for the smallest VaR probabilities (1% and 0.5%). Thus,absumption
of a normal-driven dynamic VaR model leads to a larger risk of VaR umstieration, in particular at
high coverage levels. This result is in line with the majority of VaR backtestiatyaes in the literature
(Angelidiset al,, 2004; McNeil, Frey, 2000; Hungt al. 2008). In figures 2(b) and (c) the POTGARCH
and POT EWMA filtered losses quantiles are plotted against the standa8timehtt quantile obtained
from the estimation of dynamic VaR models. The PGEARCH quantiles (Fig. 2(b)) are larger than the
Studentt quantiles. In the last year of analysis, the PEGEARCH quantiles declines slightly, whereas
thet quantiles rise sharply; however, this feature is specific to Citigroup. Thst imeresting results can
be seen by looking at Fig. 2(c): the POT quantiles estimated from EWMA fillesses are significantly
larger than the standardized Studeqgtiantiles.

A second issue of interest is the relationship between the method useddtlityestimation and the
estimated quantiles of the filtered losses. In this case the main messages of iffiakanalysis are as
follows.

e For most assets and models, towards the erithp{from August 2007, say), the numerical values
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of the estimated quantiles increase significantly.

e The EWMA estimated quantiles are generally larger than all other filteredslestienated quan-
tiles. This is probably due to both the weight structure of the EWMA filter with 0.94 and the
accuracy of the POT quantile estimator. With respect to a typical GARCH, ¢fighivstructure of
the EWMA filter gives less weight to the very last observation but is morsigtent. unusually
high squared losses, frequently observed during the entire backtestiiegl, are not immedi-
ately overweighted, but the weight structure spreads its effects oetatavely long time horizon,
contributing to constantly large and less volatile estimated quantiles with respgbetestimated
guantiles of the GARCH residuals.

e As aconsequence of fewer excesses, the 99.5% estimated quantilesax®latie than the 99%
guantiles.

5.3 Backtesting results

Tables 4-10 in appendix A.1 show the full set of backtesting results @r &sset involved in the analysis.
The tables include two patterns: each horizontal box contains three rdtvdhe results of the PoF
test with three different VaR probabilities (5%, 1% and 0.5%). The firktron shows the number of
VaR violations, the second column the PoF test statistic, and the thirg-tlakie associated with the
numerical value of the PoF test statistic.
For the 10 and 5% sizes, we evaluate the models with VaR probability levedsto 5, 1 and 0.5% for

all assets (see Sect. 4.1). It follows that, for either size of the test, theamahiejections for each model
with a certain VaR probabilitgr ranges from 0 to 15, namely the number of assets under consideration.

5.3.1 Results 1: test size 5%

Table 2 summarizes the backtesting results when the size of the test is eql@l ©hs first column
of Table 2 describes the VaR model tested, the central columns repouriiigen of violations for each
VaR probability and the last column shows the model ranking, as determinétekptal number of
rejections: the models are listed in ascending order, according to the totaknwf rejections at 99 and
99.5% coverage levels.

Let us start with the worst performing VaR models, namely dynamic normeuifaR models. At 99
and 99.5%, for N(0,1)-GARCH, the number of rejections is 24 out of a maximaossible value of 30,
while for the RiskMetric8V VaR we get 28 rejections. Furthermore, as the VaR coverage levehsese
the performance of both models gets worse. This is not surprising, thearnell-known inadequacy of
the normal distribution at high coverage levels in presence of fat tails inltaeedl loss distributions.
At 95%, the situation is quite different: the two dynamic normal-driven VaR risodeld respectively 1
and 3 rejections and are at the top of the ranking.

The two static VaR models (unconditional POT and unconditional HS) petaudty regardless of the
VaR probabilitya: for all the three VaR probabilities, the number of PoF rejections ranges 2 to
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13, putting the two models at the bottom of the ranking (24 and 25 out of 30%. r&€sult is consistent
with other backtesting studies (Bhattacharyya and Ritolia, 2008; McNeiFagy 2000) and is largely
expected because of the inappropriateness of a static VaR model in a \nfgiiye period. A notable
exception are the backtesting results of currencies, for which the twolsyoeidorm well in 2 cases out
of 3 (ZAR Rand and BRA Real).

Fat-tailed dynamic VaR models (GARCH and EWMA models with Studesmid GED stochastic
component) do not yield unequivocal performances. Looking at thertimtaber of rejections with 1 and
0.5% VaR probabilities, the worst models are the EWMA fat-tailed specificatials with 11 rejections
out of 30. Furthermore, considering separately each VaR rankinfpeasoverage level increases, the
EWMA GED model performs progressively worse (3, 4 and 7 rejectianb15), while the EWMA
Studentt improves its performance (9, 7 and 4 rejections). However, at 95% Wa&age, the EWMA
GED model is in the top 5 of the ranking.

The GARCH fat-tailed dynamic models achieve globally better results than the AWibtlels, with
4 (GARCH Student) and 6 (GARCH GED) rejections out of 30; moreover, the GARCidodel is
among the top 5 of the total rejection ranking. As in the previous case, theOQBIXEED model worsens
as the coverage level increases (1, 2 and 4 rejections), while the Studedel improves (4, 2 and 2
rejections). Summarizing, GARCH fat-tailed models perform slightly better th&VE models, but
the use of a GED stochastic component seems to produce worse resulisagdiage level gets larger.

In general, DHS models work better at large VaR coverage levels thaw &vels. The performance
of the GED-GARCH and the N(0,1)-GARCH DHS models is identical at 5 and/a% probability (4
and 3 rejections), but the GED model is preferable at 0.5%, with only gaeti@. However, looking
at the total number of rejections, these two DHS models perform similarly toikat-@dynamic models
(4 and 6 rejections out of 30), which is acceptable but put the modelsfdiné dop 5 of the ranking.
Consistently with the total rejection ranking, the best DHS models are the EWMA Bnd thet-
GARCH DHS model, respectively with 0 and 2 rejections out of 30. In pddicdespite its simplicity
and questionable non-parametric methodology, the EWMA DHS model is atglad tbe ranking. The
t-GARCH DHS is sometimes rejected (3 times out of 15) at 5% coverage, b ikithl best model at
1 and 0.5% (1 rejection).

One of the most interesting results is related to the POT models. At the top of Zalnéelisted the
best VaR models according to the PoF test. On the basis of the overallgadikitamic POT models are
the best-performing VaR approaches: the EMWA POT and-tBARCH POT model are never rejected.
The QMLE-GARCH POT models also perform well, with just 1 rejection out@ftBis result is in line
with the outcomes obtained by McNeil and Frey (2000), Fernandez }2808 Battacharya and Ritolia
(2008). At 95% VaR coverage, both the QMLE and tHeARCH POT models do not perform as well
as at larger coverage levels, yielding respectively 3 and 4 rejectidref @6. Finally, the two GARCH
POT VaR models turn out to be similar to the other dynamic fat-tailed VaR models.

Figures 3 (DAX30 Index) — 6 (ZAR Rand #&) in appendix A.2 show the hit sequences with a 99%
coverage level: each symbol on the graph represents a VaR violatida,tid grey line shows the loss
time series. As can be seen by looking at the top of each figure, violati@isaied by the two static
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Table 2: Proportion of failures (POF) unconditional test. Confiderclevel:95%

This table summarizes, for all assets analyzed (equitielexies and currencies) and for each VaR model applied,
the total number of rejection of the null hypothesis for eatiVaR coverage using the POF unconditional coverage
test (a.s. Chi squared) test with a confidence probabiligllef 95%

VaR model N°rejections | N°rejections | N°rejections || Total reject.
VaR 5% VaR 1% VaR 0,5% (1%, 0.5%)
(max. 15) (max. 15) (max. 15) (max. 30)
EWMA(75,0.94) POT 0 0 0 0
EWMA(75,0.94) DHS 0 0 0 0
t—-GARCH(1,1) POT 4 0 0 0
QMLE-GARCH(1,1) POT 3 1 0 1
t-GARCH(1,1) DHS 3 1 1 2
t—-GARCH(1,1) Studertt 4 2 2 4
GED-GARCH(1,1) DHS 4 3 1 4
GED-GARCH(1,1) GED 1 2 4 6
N(0,1)-GARCH(1,1) DHS 4 3 3 6
EWMA(75,0.94) GED 3 4 7 11
EWMA(75,0.94) Studertt 9 7 4 11
N(0,1)-GARCH(1,1) N(0,1) 1 11 13 24
Unconditional POT 12 12 12 24
Unconditional HS 12 13 12 25
EWMA(75,0.94) N(0,1) 3 13 15 28

models are concentrated in the last 18 months, when equity markets havesbesy volatile. Even the
two normal-driven dynamic models perform poorly during the financialriSonversely, the EWMA
DHS and EWMA POT models are associated to violations spread over the leatikéesting period.
Differently from most of the models tested, these two VaR models are reliatiiérbquiet and extreme
market conditions. This is an important feature: in case of highly volatile madkaditions, they react
more timely and provide better VaR estimates, minimizing the slippage of VaR-bapédl charges
over time.

5.3.2 Results 2: test size 10%

Table 3 shows the results of the backtesting analysis when the size of treaggal to 10%. Again, the
worst VaR models according to the global ranking are the two normalrddyeamic models (28 and 29
rejections) and the static VaR models. The first two result worse than inéw@ps ranking, falling in
the last two positions of the global ranking. At 5% VaR probability, the peréorce of the two normal
dynamic models deteriorates as well: in particular, the RiskMétfiesodel is rejected 8 times out of 15
with respect to 3 rejections at the 5% size. On the other hand, the GARCHEQWND, 1) is significantly
better at 5% VaR probability, with only 3 rejections out of 15.
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Dynamic fat-tailed VaR models perform similarly to the preceding section: reardtslightly less
satisfactory for EWMA-filtered models than for GARCH models and, as tierage levels increase,
GED VaR models (both EWMA and GARCH) are rejected more often than Sttdesed models. The
only exception to the global failure of fat-tailed dynamic models is the StudéAtRCH model, whose
performance is similar to the 5% size case (fourth out of 15 models).

According to the total rejection-based ranking, dynamic historical modelsrpenot very differently
from the previous section. However, the StudeBtHS model now drops in the middle of the global
ranking (6 rejections out of 30).

The POT-based dynamic model is again at the top of the ranking. Theldicgtis taken by the EWMA
POT model with zero rejections out of 30, the second place by the Stuéit-model with 1 rejection
and the third by the GARCH QMLE POT (3 rejections). At 5% VaR probabilitg, EWMA POT model
is rejected 2 times out of 15, but this was the second smallest number of negectiall models. Finally,
the Student-GARCH is not as efficient as the other POT models at 5% VaR probability, iggel
rejections out of 15.

POT models are not the only well-performing approaches: the EWMA DHS=hadgo reaches the
top of both rankings (overall and at 5%), contrary to other DHS moddigturn out to be sufficiently
accurate, but not at the top of the ranking. The EWMA DHS model is rejastece and results the
second best model at 5% probability level, while on the basis of the totatiogjganking it is rejected
just once, similarly to the StudehPOT model. These outcomes put it at the second place of the ranking.

Finally, the POT dynamic-based models are the most effective VaR estimatiorigees, according
to the total rejection ranking, also at the largest size employed. Only at ®pk@abability the POT
EWMA is sometimes rejected, but much more rarely than most of the other motelsitfier two POT-
based models tested in our analysis achieve quite satisfactory resultthewgh the QMLE POT model
is the worst POT model at both sizes.

In conclusion, the main outcomes of the backtesting analysis are the following.

* According to the PoF test at both 5 and 10% size, the POT EWMA and EWMS nodels are
the most reliable and effective ones when the VaR coverage level is®80%¥. At 95% coverage
they are rejected in single cases, but are still preferable to all other models

* Dynamic fat-tailed models do not perform particularly well at the largestecage level, lying
mostly in the middle of the two rejection-based rankings. OnlytH@ARCH approach has a
performance comparable to the top-ranked models.

* EWMA fat-tailed models are slightly less efficient than GARCH fat-tailed apph®s. The num-
ber of rejections of the GED-based dynamic models (both EWMA and GARfets)larger as the
VaR coverage level increases, contrary to the Stutiemadels.

From the risk management perspective, the message is quite clear: the®DMH& approaches with the
EWMA volatility specification should be preferred, especially when tail risk jgaramount importance.
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Table 3: Proportion of failures (PoF) test. Confidence leve®0%

This table summarizes, for all assets analyzed (equitielexies and currencies) and for each VaR model applied,
the total number of rejection of the null hypothesis for eatrVaR coverage using the PoF unconditional coverage
test (a.s. Chi squared) test with a confidence level of 90%

VaR model N°rejections | N°rejections | N°rejections || Total reject.
VaR 5% VaR 1% VaR 0,5% (1%, 0.5%)
(max. 15) (max. 15) (max. 15) (max. 30)
EWMA(75,0.94) POT 2 0 0 0
EWMA(75,0.94) DHS 2 1 0 1
t—-GARCH(1,1) POT 5 0 1 1
QMLE-GARCH(1,1) POT 6 1 2 3
t-GARCH(1,1) Studertt 5 2 2 4
t—-GARCH(1,1) DHS 5 3 3 6
GED-GARCH(1,1) DHS 5 4 3 7
GED-GARCH(1,1) GED 1 4 4 8
EWMA(75,0.94) Student 11 7 5 12
N(0,1)-GARCH(1,1) DHS 7 6 13
EWMA(75,0.94) GED 6 8 14
Unconditional HS 13 13 12 25
Unconditional POT 12 13 13 26
EWMA(75,0.94) N(0,1) 8 13 15 28
N(0,1)-GARCH(1,1) N(0,1) 3 15 14 29

6 Conclusions

This paper compares several dynamic VaR models commonly employed in makkgteasurement.
The time horizon includes the extreme market conditions observed duringhtreifil crisis caused
by the sub-prime mortgage crisis. The focus is primarily on the performdraepnamic Peaks over
Threshold procedure, which not only allows to take into account h&alad risk factor distributions,
but also has a strong theoretical justification.

The results show that the POT model and the Dynamic Historical Simulation cotniitle the
EWMA volatility specification are preferable, in particular at high VaR cagerlevels. Whereas the
good performance of the POT approach was not unexpected givifgatuees of the time series at hand
and the sound theoretical foundations of the methodology, the succBstSoand EWMA is somewhat
surprising in two respects. First, it is well-known that historical simulatiorsdug perform particu-
larly well in presence of extreme market movements. Second, the nomgai@EWMA estimator has
weak theoretical justifications. A possible explanations for the first isstt@idDHS, unlike standard
historical simulation, uses a volatility filter, and this filter is likely to be the crucial tooimproving
the performance of the method. As for the second one, the EWMA empigciirmance is known to
be rather good, and the weight structure captures reasonably widr(then typical GARCH models)
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persistence effects and autocorrelation of squared losses. It sdisalde noted that EWMA works bet-
ter than GARCH when associated to POT and DHS, but worse than GAR@H uded in conjunction
with ad hoc fat-tailed models.

Several issues remain open for further investigations. First, we hdyeised “portfolios” consisting
entirely of single assets, taking an index fund as a single asset. A geataaliaf the analysis to more
realistic portfolios (for example, portfolios containing derivatives) doatsappear straightforward but
would be quite important. Second, it is well known that it is difficult to beat @&R1,1). In particular,
moving eitherp or g to 2 does little to improve fit. On the other hand, FIGARCH models have recently
been proposed as a tool for investigating long memory in squared retimmild be of interest to check
whether models of this family can provide better results than standard GARCH.

Acknowledgements We would like to thank Christopher L. Gilbert for a useful discussion @oidted

remarks.
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A Appendix

A.1 Tables

Table 4: VaR backtesting — DAX30 (DAX) index and MIBTEL (MIB) indeX/aR probabilities: 5%,1% and 0.5%.

DAX MIB
VaR model Violations ‘ LRt ync ‘ p—value Violations ‘ LRt ync ‘ p—value
QMLE-GARCH(1,1) 72 0,521 (47,053 %) 87 6,524 (1,065 %)
POT 18 1,554 (21,225%) 19 2,293 (13%)
10 1,498 (22,091 %) 7 0.026 | (87,251 %)
t—GARCH(1,1) 69 0,123 (72,577%) 87 6,524 | (1,065%)
POT 18 1,554 (21,255 %) 19 2,293 (13% )
9 0,773 (37,941 %) 8 0,286 | (59,287 %)
EWMA(75,0.94) 72 0,521 (47,053%) 76 1,572 | (20,986 %)
POT 15 0,227 (63,406 % ) 14 0,052 (82%)
9 0,773 | (37,941%) 9 0,798 | (37,163%)
N(0,1)-GARCH(Z,1) 74 0,933 | (33,398%) 93 10,504 | (0,119%)
N(0,1) 24 7,120 (0,762 %) 39 33,533 (0%)
20 17,602 | (0,003 %) 24 27,479 (0%)
t—GARCH(L,1) 78 2,099 | (14,735%) 94 11,25 (0,08%)
Student 21 3,9 (4,829 %) 29 14,316 | (0,02%)
9 0,773 (37,941 %) 14 6,331 (1,186 %)
GED-GARCH(T,1) 75 1,183 (27,677 %) 92 9,782 | (0,176%)
GED 21 3,9 (4,829%) 27 11,254 (0,08%)
13 4,817 (2,818 %) 14 6,331 | (1,186%)
EWMA(75,0.94) 82 3,702 (5,436 %) 88 7,127 | (0,759 %)
N(0,1) 28 12,589 (0,039%) 38 31,349 (0%)
17 11,388 | (0,074 %) 27 35,686 (0%)
EWMA(75,0.94) 84 4,661 (3,087%) 94 11,25 (0,08%)
Student 22 4,882 (2,714 %) 29 14,316 | (0,015%)
13 4,817 (2,818 %) 16 9,647 (0,19%)
EWMA(75,0.94) 82 3,702 (5,436 %) 88 7127 | (0,759%)
GED 19 2,231 (13,528 %) 29 14,316 (0,015%)
13 4,817 (2,818 %) 16 9,647 (0,19 %)
N(0,1)-GARCH(Z,1) 75 1,183 [ (27.677%) 84 43862 | (2,745%)
DHS 20 3,015 (8,252%) 18 1,605 (20,51%)
11 2,426 (11,932%) 12 3,595 (5,795 %)
t—GARCH(1,1) 76 1,461 (22,684 %) 83 4,359 (3,682%)
DHS 19 2,231 (13,528 %) 18 1,605 (20,51%)
10 1,498 | (22,091 %) 9 0,798 | (37,163 %)
GED-GARCH(T,1) 75 1,183 | (27.677%) 84 4862 | (2,745%)
DHS 19 2,231 (13,528 %) 18 1,605 (20,51 %)
11 2,426 | (11,932%) 10 1,535 | (21,541 %)
EWMA(75,0.94) 73 0,713 | (39,861%) 76 1,572 | (20,986 %)
DHS 18 1,554 | (21,255%) 17 1,031 (31%)
9 0,773 (37,941 %) 9 0,798 | (37,163%)
Unconditional 78 2,099 (14,735%) 103 18,968 | (0,001 %)
POT 28 12,589 (0,039%) 30 15,954 (0,01%)
14 6,252 (1,241 %) 17 11,499 | (0,07%)
Unconditional 81 3,261 (7,093%) 105 20,92 (0%)
HS 29 14,145 | (0,017 %) 30 15,954 | (0,01%)
11 2,426 (11,932 %) 17 11,499 | (0,07%)

Backtesting length: 1320. POT excesses: 104. Sample length: 80&ctBap/aR violations: 66 (5%), 13 (1%), 7 (0,5%).
Backtesting length: 1317; POT excesses: 108; Samples size: 82BctEdp/aR violations: 66 (5%), 13 (1%), 7 (0,5%).
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Table 5: VaR backtesting — NIKKEI 225 index (N225) and Credit Suissea@p (CS) (NYSE).
VaR probabilities: 5%,1% and 0.5%.

N225 CS
VaR model Violations ‘ LRt ync ‘ p—value Violations ‘ LRt ync ‘ p—value
OMLE-GARCH(1,1) 70 0,647 | (42125%) 74 1,144 | (28,481 %)
POT 14 0,124 (72,477 %) 15 0,272 (60,211 %)
8 0,391 | (53,222%) 10 1,582 | (20,845 %)
t—GARCH(1,1) 69 0,461 | (49,702%) 71 0,492 | (48,319%)
POT 16 0,785 | (37,575%) 16 0,615 | (43,301%)
8 0,391 (53,222 %) 10 1,582 | (20,845%)
EWMA(75,0.94) 67 0,183 (66,916 % ) 59 0,681 | (40,935%)
POT 16 0,785 | (37,575%) 15 0,272 | (60,211 %)
8 0,391 (53,222 %) 8 0,306 | (58,033%)
N(0,1)-GARCH(1,1) 75 2,02 (15,522 %) 56 1,492 (22,193 %)
N(0,1) 21 4,538 (3,315%) 23 6,199 (1,278 %)
15 8,506 (0,354 %) 16 9,778 (0,177 %)
t—GARCH(1,1) 75 2,02 (15,522%) 63 0,094 | (75,941%)
Studentt+ 17 1,309 (25,257 %) 14 0,064 | (80,044 %)
10 1,776 (18,266 %) 10 1,582 | (20,845%)
GED-GARCH(1,1) 73 1,383 (23,955 %) 58 0,915 | (33,885%)
GED 17 1,309 | (25,257 %) 14 0,064 | (80,044 %)
13 5,332 (2,093 %) 11 2,534 | (11,139%)
EWMA(75,0.94) 77 2,771 (9,602 %) 55 1,836 | (17,542%)
N(0,1) 25 9,326 (0,226 %) 21 4,093 (4,306 %)
19 16,414 | (0,005 %) 17 11,644 | (0,064 %)
EWMA(75,0.94) 80 4102 | (4282%) 60 0,482 | (48,747%)
Studentt 21 4538 | (3,315%) 17 1,084 | (29,775%)
14 6,847 (0,888 %) 11 2,534 | (11,139%)
EWMA(75,0.94) 76 2,381 | (12,279%) 55 1,836 | (17,542%)
GED 20 3,673 (5,873%) 17 1,084 | (29,775%)
15 8,506 | (0,354 %) 13 4,974 | (2572%)
N(0,1)-GARCH(1,1) 73 1,383 (23,955 %) 78 2,413 | (12,031 %)
DHS 15 0,387 (53,401 %) 19 2,375 | (12,332%)
11 2,783 (9,528 %) 8 0,306 | (58,033%)
t—GARCH(1,1) 72 1,108 | (29,247 %) 78 2413 | (12,031%)
DHS 17 1,309 | (25,257 %) 20 3,183 | (7,441%)
11 2,783 (9,528 %) 8 0,306 | (58,033%)
GED-GARCH(1,1) 72 1,108 | (29,247 %) 75 1,419 | (23,353%)
DHS 17 1,309 | (25,257 %) 20 3,183 | (7,441%)
11 2,783 (9,528 %) 8 0,306 | (58,033%)
EWMA(75,0.94) 70 0,647 | (42,125%) 68 0,107 | (74,305%)
DHS 17 1,309 | (25,257 %) 17 1,084 | (29,775%)
8 0,391 | (53,222%) 8 0,306 | (58,033%)
Unconditional 84 6,251 (1,242 %) 110 26,811 (0%)
POT 27 12,223 | (0,047 %) 34 23,459 (0%)
16 10,3 (0,133 %) 24 27,721 (0%)
Unconditional 86 7,479 (0,624 %) 113 30,239 (0%)
HS 27 12,223 | (0,047 %) 36 27,463 (0%)
17 12,221 | (0,047 %) 22 22,641 (0%)

Backtesting length: 1273; POT excesses: 101; Samples size: 778&ctEdp/aR violations 64 (5%), 13 (1%), 6 (0,5%).
Backtesting length: 1308; POT excesses: 103; sample size: 791 cterpéaR violations: 65 (5%), 13 (1%), 6 (0,5%).
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Table 6: VaR backtesting — Italcementi S.p.a. (IT) and Luxottica Sap (LUX).
VaR probabilities: 5%,1% and 0.5%.

IT LUX
VaR model Violations ‘ LRt ync ‘ p—value Violations ‘ LRt ync ‘ p—value
OMLE-GARCH(1,1) 82 3,752 | (5273%) 78 2,137 | (14375%)
POT 17 1,001 (31,699 %) 15 0,232 (63,004 %)
10 1,509 | (21,933%) 7 0,023 | (88,027 %)
t—GARCH(1,1) 81 3,309 | (6,891%) 72 0,539 | (46,269%)
POT 18 1,569 | (21,042%) 16 0,553 (45,695 %)
10 1,509 | (21,933%) 7 0,023 (88,027 %)
EWMA(75,0.94) 73 0,734 | (39,145%) 69 0,132 | (71,625%)
POT 15 0,232 | (63,004 %) 9 1,532 | (21,574%)
10 1,509 | (21,933%) 5 0,431 (51,174 %)
N(0,1)-GARCH(1,1) 80 2,892 (8,904 %) 63 0,155 (69,347 %)
N(0,1) 22 4,909 | (2,672%) 20 3,035 | (8,147%)
16 9,575 (0,197 %) 10 1,509 (21,993 %)
t—GARCH(1,1) 83 4,222 (3,99%) 67 0,013 | (90,977 %)
Studentt 18 1,569 | (21,042 %) 9 1,532 | (21,574%)
9 0,78 (37,718 %) 5 0,431 (51,174 %)
GED-GARCH(1,1) 79 2,501 | (11,377 %) 60 0,611 | (43,453%)
GED 16 0,553 | (45,695%) 10 0,865 (35,234%)
9 0,78 (37,718 %) 6 0,058 (80,905 %)
EWMA(75,0.94) 82 3,752 (5,273%) 66 0,001 (98,993 %)
N(0,1) 18 1,569 | (21,042%) 21 3,924 | (4,761%)
16 9,575 (0,197 %) 13 4,837 (2,786 %)
EWMA(75,0.94) 91 8,881 (0,288 %) 77 1,801 (17,961 %)
Studentt 16 0,553 | (45,695%) 13 0,004 (95,138 %)
8 0,275 | (59,987 %) 5 0,431 (51,174 %)
EWMA(75,0.94) 81 3,309 (6,891%) 65 0,019 (88,931 %)
GED() 15 0,232 | (63,004 %) 12 0,117 (73,192 %)
8 0,275 | (59,987 %) 5 0,431 | (51,174 %)
N(0,1)-GARCH(1,1) 77 1,801 (17,96 %) 81 3,309 (6,891 %)
DHS 20 3,035 (8,147 %) 18 1,569 (21,042 %)
10 1,509 | (21,933%) 10 1,509 (21,933%)
t—GARCH(1,1) 79 2,501 | (11,377 %) 77 1,801 | (17,961%)
DHS 19 2,248 | (13,375%) 19 2,248 | (13,375%)
11 2,44 | (11,831%) 9 0,781 | (37,718 %)
GED-GARCH(1,1) 79 2,501 | (11,377 %) 77 1,801 | (17,961%)
DHS 18 1,569 | (21,042 %) 19 2,248 | (13,375%)
11 2,44 | (11,831%) 10 1,509 | (21,993%)
EWMA(75,0.94) 68 0,057 | (81,134 %) 68 0,057 | (81,134 %)
DHS 15 0,232 | (63,004 %) 13 0,004 (95,138 %)
10 1,509 | (21,933%) 7 0,023 | (88,027 %)
Unconditional 105 20,604 | (0,001%) 98 14,202 (0,016 %)
POT 33 21,116 (0%) 23 5,986 (1,442 %)
20 17,643 | (0,003 %) 13 4,837 | (2,786%)
Unconditional 108 23,662 (0%) 102 17,732 (0,003 %)
HS 33 21,116 (0%) 28 12,634 | (0,038 %)
21 19,927 | (0,001 %) 16 9,575 | (0,197 %)

Backtesting length: 1322; POT excesses: 108, Samples size: 828ctEavaR violations: 66 (5%), 13 (1%), 7 (0,5%).
Backtesting length: 1322; POT excesses: 108, Samples size: 828cteawiolations: 66 (5%), 13 (1%), 7 (0,5%).
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Table 7: VaR backtesting — Citigroup Inc. (C) and Vodafone Plc (VOD)
VaR probabilities: 5%,1% and 0.5%.

C VOD
VaR model Violations ‘ LRt ync ‘ p—value Violations ‘ LRt ync ‘ p—value
OMLE-GARCH(1,1) 80 3213 | (7,306%) 85 5673 | (1,723%)
POT 21 4,093 (4,306 %) 15 0,272 (60,211 %)
12 3,672 | (5,539%) 7 0,032 | (85,851%)
t—GARCH(1,1) 86 6,241 | (1,248%) 83 4611 | (3,176%)
POT 18 1,673 (19,585 %) 16 0,615 | (43,301%)
10 1,582 (20,845 %) 7 0,032 | (85,851%)
EWMA(75,0.94) 81 3,653 | (5,597 %) 77 2,054 | (15,178%)
POT 15 0,272 (60,211 %) 12 0,093 (76,085 %)
8 0,306 (58,033%) 7 0,032 | (85,851%)
N(0,1)-GARCH(1,1) 74 1,144 | (28,481%) 71 0,492 [ (48,319%)
N(0,1) 32 19,695 | (0,001%) 22 5,101 (2,393%)
21 20,328 | (0,001%) 15 8,039 (0,458 %)
t—GARCH(1,1) 80 3,213 | (7,306%) 71 0,492 | (48,319%)
Studentt+ 18 1,673 (19,585 %) 16 0,615 | (43,301%)
13 4,974 (2,572%) 8 0,306 | (58,033%)
GED-GARCH(1,1) 72 0,681 (40,964 %) 69 0,205 | (65,066 %)
GED 20 3,183 | (7,441%) 15 0,272 | (60,211 %)
14 6,434 (1,119%) 9 0,832 | (36,174%)
EWMA(75,0.94) 78 2,413 (12,031%) 68 0,107 | (74,305%)
N(0,1) 26 10,014 | (0,155%) 19 2,375 | (12,332%)
19 15,727 | (0,007 %) 13 4974 | (2,572%)
EWMA(75,0.94) 93 10,904 | (0,096 %) 79 2,8 (9,429 %)
Studentt+ 21 4,093 (4,306 %) 14 0,064 | (80,041 %)
11 2,534 | (11,139%) 7 0,032 | (85,851%)
EWMA(75,0.94) 78 2,413 (12,031%) 67 0,041 | (83,975%)
GED 21 4,093 (4,306 %) 13 0 (98,225 %)
12 3,671 (5,539%) 7 0,032 | (85,851%)
N(0,1)-GARCH(1,1) 80 3,213 (7,306 %) 85 5,673 (1,723%)
DHS 21 4,093 (4,306 %) 20 3,183 (7,441 %)
13 4,974 | (2572%) 11 2,534 | (11,139%)
t—GARCH(1,1) 85 5673 | (1,723%) 81 3,653 | (5597 %)
DHS 19 2,375 (12,332%) 20 3,183 (7,441 %)
13 4974 | (2572%) 11 2,534 | (11,139%)
GED-GARCH(1,1) 83 4,611 (3,176 %) 86 6,241 | (1,248%)
DHS 19 2,375 (12,332%) 21 4,093 (4,306 %)
14 6,434 | (1,119%) 11 2,534 | (11,139%)
EWMA(75,0.94) 81 3,653 | (5,597 %) 74 1,144 | (28,481%)
DHS 20 3,183 | (7,441%) 15 0,272 | (60,211 %)
10 1,582 | (20,845 %) 7 0,032 | (85,851 %)
Unconditional 142 71,809 (0%) 96 13,254 | (0,027 %)
POT 60 90,672 (0%) 20 3,183 (7,441 %)
34 57,756 (0%) 13 4,974 | (2,572%)
Unconditional 146 78,646 (0%) 94 11,665 | (0,064 %)
HS 56 78,477 (0%) 26 10,014 | (0,155 %)
35 61,126 (0%) 13 4974 | (2572%)

Backtesting length: 1308; POT excesses: 103; Sample size: 792¢terpeéaR violations: 65 (5%), 13 (1%), 6 (0,5%).
Backtesting length: 1308; POT excesses: 103; Samples size: 79%ctEdp/aRr violations: 65 (5%), 13 (1%), 6 (0,5%).
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Table 8: VaR backtesting — Ford Motor Company (F) and General MotoiGI(1).
VaR probabilities: 5%,1% and 0.5%.

F GM
VaR model Violations ‘ LRt unc ‘ p—value Violations ‘ LRt unc ‘ p—value
QMLE-GARCH(1,1) 67 0,041 (83,975 %) 84 5,129 (2,353%)
POT 18 1,673 | (19,585 %) 16 0,615 | (43,301%)
12 3,671 (5,539 %) 8 0,306 | (58,033%)
t—GARCH(1,1) 72 0,681 | (40,964 %) 84 5129 | (2,353%)
POT 18 1,673 | (19,585 %) 13 0,01 | (98,225%)
12 3,671 (5,539 %) 8 0,306 | (58,033%)
EWMA(75,0.94) 67 0,041 (83,975 %) 81 3,653 (5,597 %)
POT 13 0,001 (98,225 %) 13 0,01 (98,225 %)
10 1,582 (20,845 %) 6 0,046 | (83,001 %)
N(0,1)-GARCH(1,1) 57 1,185 | (27,635%) 75 1,419 | (23,353%)
N(0,1) 20 3,183 (7,441 %) 28 12,995 | (0,032%)
17 11,644 | (0,064 %) 18 13,629 | (0,022 %)
t—-GARCH(1,1) 69 0,205 | (65,066 %) 83 4,611 (3,176 %)
Studentt 17 1,084 | (29,775%) 12 0,093 | (76,085 %)
9 0,832 (36,174 %) 7 0,032 | (85,851 %)
GED-GARCH(1,1) 60 0,482 (48,747 %) 76 1,723 | (18,934 %)
GED 18 1,673 | (19,585 %) 15 0,272 | (60,211 %)
11 2,534 | (11,139 %) 9 0,832 | (36,174 %)
EWMA(75,0.94) 72 0,681 (40,964 %) 81 3,653 (5,597 %)
N(0,1) 29 14,537 | (0,014%) 29 14,537 | (0,014 %)
16 9,778 (0,177 %) 24 27,721 (0%)
EWMA(75,0.94) 78 2,413 | (12,031%) o1 9,425 (0,211 %)
Student+ 15 0,272 (60,211 %) 22 5,1 (2,393 %)
11 2,534 | (11,139%) 8 0,306 | (58,033 %)
EWMA(75,0.94) 72 0,681 (40,964 %) 80 3,213 (7,306 %)
GED 16 0,615 | (43,301%) 20 3,183 (7,441 %)
13 4,974 (2,572 %) 8 0,306 | (58,033 %)
N(0,1)-GARCH(1,1) 67 0,041 (83,975 %) 84 5,129 (2,353 %)
DHS 20 3,183 (7,441 %) 26 10,014 | (0,155%)
12 3,671 (5,539 %) 14 6,434 (1,119 %)
t—-GARCH(1,1) 73 0,897 (34,348 %) 83 4,611 (3,176 %)
DHS 19 2,375 | (12,332%) 21 4,093 (4,306 %)
12 3,671 (5,539 %) 9 0,832 | (36,174 %)
GED-GARCH(1,1) 72 0,681 (40,964 %) 84 5,129 (2,353 %)
DHS 19 2,375 | (12,332%) 23 6,199 (1,278 %)
12 3,671 (5,539 %) 10 1,582 | (20,845 %)
EWMA(75,0.94) 68 0,107 (74,305 %) 80 3,213 (7,306 %)
DHS 19 2,375 | (12,332%) 15 0,272 | (60,211 %)
10 1,582 (20,845%) 9 0,832 (36,174 %)
Unconditional 100 16,702 [ (0,004 %) 130 52,841 (0%)
POT 26 10,014 | (0,155 %) 38 31,697 (0%)
14 6,434 (1,119%) 19 15,727 | (0,007 %)
Unconditional 102 18,557 (0,002 %) 132 55,837 (0%)
HS 33 21,546 (0%) 44 45,658 (0%)
17 11,644 | (0,064 %) 23 25,137 (0%)

Backtesting length: 1308; POT excesses: 103; Samples size: 79ZtEdplations: 65 (5%), 13 (1%), 6 (0,5%).
Backtesting length: 1308; POT excesses: 103; Samples size: 792ctBdjviolations: 65 (5%), 13 (1%), 6 (0,5%).
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Table 9: VaR backtesting — Microsoft Corp. (MSFT) and Unicredit GrpUCG).
VaR probabilities: 5%,1% and 0.5%.

MSFT UCG
VaR model Violations ‘ LRt unc ‘ p—value Violations ‘ LRt unc ‘ p—value
QMLE-GARCH(1,1) 74 1,144 | (28,481 %) 81 2,984 (8,407 %)
POT 19 2,375 | (12,332%) 12 0,145 | (70,356 %)
8 0,306 | (58,033%) 6 0,072 | (78,838 %)
t—-GARCH(1,1) 77 2,054 | (15,178 %) 79 2,221 | (13,612%)
POT 15 0,272 (60,211 %) 11 0,448 | (50,325 %)
7 0,032 (85,851 %) 5 0,465 | (49,515%)
EWMA(75,0.94) 72 0,681 (40,964 %) 80 2,591 | (10,757 %)
POT 15 0,272 (60,211 %) 13 0,010 | (92,079 %)
6 0,046 | (83,001 %) 5 0,465 | (49,515%)
N(0,1)-GARCH(1,1) 67 0,041 (83,975 %) 73 0,589 | (44,291 %)
N(0,1) 22 5,1 (2,393%) 20 2,892 (8,902 %)
17 11,644 | (0,064 %) 12 3,44 (6,363 %)
t—-GARCH(1,1) 61 0,318 | (57,254%) 76 1,279 | (25,821%)
Studentt 14 0,064 | (80,044 %) 12 0,145 | (70,356 %)
6 0,046 | (83,001%) 5 0,465 | (49,515%)
GED-GARCH(1,1) 58 0,915 | (33,885%) 74 0,791 | (37,395%)
GED 12 0,093 | (76,085%) 10 0,935 | (33,359 %)
8 0,306 | (58,033%) 5 0,465 | (49,515%)
EWMA(75,0.94) 51 3,599 (5,781 %) 80 2,591 | (10,757 %)
N(0,1) 21 4,093 (4,306 %) 26 9,464 (0,209 %)
14 6,434 (1,119 %) 16 9,377 (0,221 %)
EWMA(75,0.94) 69 0,205 | (65,066 %) 83 3,852 (4,967 %)
Student+ 14 0,064 | (80,044 %) 16 0,496 | (48,143%)
8 0,306 | (58,033%) 7 0,015 | (90,198 %)
EWMA(75,0.94) 52 3,099 (7,834 %) 80 2,591 | (10,757 %)
GED 14 0,064 | (80,044 %) 15 0,196 | (65,831 %)
11 2,534 | (11,139 %) 7 0,015 | (90,198 %)
N(0,1)-GARCH(1,1) 98 14,934 | (0,011%) 79 2,221 | (13,612%)
DHS 26 10,014 | (0,155%) 15 0,196 | (65,831 %)
13 4,974 (2,572 %) 10 1,438 | (23,052%)
t—-GARCH(1,1) 75 1,419 (23,353 %) 81 2,984 (8,407 %)
DHS 19 2,375 | (12,332%) 13 0,010 | (92,079 %)
9 0,832 (36,174 %) 9 0,731 | (39,289 %)
GED-GARCH(1,1) 77 2,054 | (15,178 %) 81 2,984 (8,407 %)
DHS 21 4,093 (4,306 %) 13 0,010 | (92,079 %)
10 1,582 (20,845 %) 10 1,438 | (23,052%)
EWMA(75,0.94) 71 0,492 (48,319 %) 78 1,881 | (17,033%)
DHS 18 1,673 | (19,585 %) 16 0,496 | (48,143 %)
8 0,306 | (58,033%) 8 0,246 | (61,956 %)
Unconditional 103 19,516 [ (0,001%) 129 48,492 (0%)
POT 28 12,955 | (0,032%) 41 37,249 (0%)
12 3,671 (5,539%) 23 24,434 (0%)
Unconditional 103 19,516 (0,001 %) 135 57,297 (0%)
HS 33 21,546 (0%) 43 41,918 (0%)
17 11,644 | (0,064 %) 24 26,976 (0%)

Backtesting length: 1308; POT excesses: 103; Samples size: 7928ctBdp/aR violations: 65 (5%), 13 (1%), 6 (0,5%).
Backtesting length: 1336; POT excesses: 108; Samples size: 82BctEdp/aR violations: 67 (5%), 13 (1%), 7 (0,5%).
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Table 10: VaR backtesting — GBP British Pound (i¥€) and ZAR South African Rand (in€).
VaR probabilities: 5%,1% and 0.5%.

GBP ZAR
VaR model Violations ‘ LRt unc ‘ p—value Violations ‘ LRt unc ‘ p—value
QMLE-GARCH(1,1) 70 0,196 | (65,768%) 63 0,192 | (66,149 %)
POT 13 0,006 | (93,605%) 12 0,131 | (71,767 %)
7 0,019 (89,114 %) 7 0,019 | (89,114 %)
t—GARCH(1,1) 74 0,872 | (35,032%) 68 0,038 | (84,588 %)
POT 12 0,131 (71,767 %) 12 0,131 | (71,767 %)
7 0,019 | (89,114 %) 8 0,261 | (60,97 %)
EWMA(75,0.94) 78 2,006 | (15,664 %) 63 0,192 | (66,149 %)
POT 11 0,423 | (51,524%) 15 0,213 | (64,414 %)
6 0,065 | (79,868 %) 6 0,065 | (79,868 %)
N(0,1)-GARCH(1,1) 74 0,872 (35,032%) 80 2,738 (9,797 %)
N(0,1) 22 4,815 (2,821 %) 24 7,037 (0,798 %)
13 4,769 (2,898 %) 19 15,328 | (0,009 %)
t—-GARCH(1,1) 79 2,359 (12,457 %) 86 5,563 (1,835%)
Studentt 15 0,213 | (64,414%) 18 1,518 | (21,795 %)
11 2,393 | (12,188 %) 11 2,393 | (12,188 %)
GED-GARCH(1,1) 74 0,872 (35,032 %) 79 2,359 | (12,457 %)
GED 16 0,524 | (46,912%) 20 2,963 (8,518 %)
11 2,393 | (12,188 %) 11 2,393 | (12,188 %)
EWMA(75,0.94) 84 4519 (3,353%) 87 6,122 (1,335%)
N(0,1) 27 11 (0,091 %) 30 15,644 | (0,008 %)
15 7,768 (0,532 %) 22 22,145 (0%)
EWMA(75,0.94) 90 7,947 (0,482 %) 96 12,234 | (0,047 %)
Student+ 19 2,187 (13,918 %) 24 7,037 (0,798 %)
9 0,755 (38,5%) 15 7,768 (0,532 %)
EWMA(75,0.94) 84 4519 (3,353%) 87 6,122 (1,335%)
GED 19 2,187 (13,918 %) 24 7,037 (0,798 %)
11 2,393 | (12,188 %) 15 7,768 (0,532 %)
N(0,1)-GARCH(1,1) 67 0,005 | (94,488%) 67 0,005 [ (94,488 %)
DHS 15 0,213 | (64,414%) 13 0,006 | (93,605 %)
10 1,473 | (22,488 %) 10 1,473 | (22,488 %)
t—-GARCH(1,1) 69 0,102 (74,971 %) 68 0,038 | (84,588 %)
DHS 16 0,524 | (46,912%) 12 0,131 | (71,767 %)
10 1,473 | (22,488 %) 9 0,755 (38,5%)
GED-GARCH(1,1) 67 0,005 | (94,488 %) 68 0,038 | (84,588 %)
DHS 15 0,213 | (64,414 %) 12 0,131 | (71,767 %)
10 1,473 | (22,488 %) 10 1,473 | (22,488 %)
EWMA(75,0.94) 73 0,659 (41,675 %) 67 0,005 | (94,488 %)
DHS 14 0,038 | (84,614%) 15 0,213 | (64,414 %)
9 0,755 (38,5%) 9 0,755 (385%)
Unconditional 103 18,254 [ (0,002%) 70 0,196 [ (32,751 %)
POT 34 22,783 (0%) 14 0,038 | (84,614 %)
17 11,309 (0,077 %) 9 0,755 (385%)
Unconditional 104 19,2 (0,001 %) 68 0,038 (84,588 %)
HS 35 24,724 (0%) 14 0,038 | (84,614 %)
22 22,145 (0%) 8 0,261 | (60,97 %)

Backtesting length: 1329; POT excesses: 105; Samples size: 80&ctEdp/aR violations: 66 (5%), 13 (1%), 7 (0,5%).
Backtesting length: 1329; POT excesses: 105; Samples size: 80&ctEdviolations: 66 (5%), 13 (1%), 7 (0,5%).

33



A.2 Figures

Figure 3: DAX30 Index VaR 99% backtesting from March, 2 2004 to May, 9 2009. Eactbsyrepresents a VaR
violation for the VaR models listed in the legend.
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Figure 4: Citigroup Corp. VaR 99% backtesting from March, 2 2004 to May, 9 2009. Eaoibsyrepresents a

VaR violation for the VaR models listed in the legend.
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Figure 5: Vodafone Plc VaR 99% backtesting from March, 2 2004 to May, 9 2009. Eactbsyrepresents a VaR
violation for the VaR models listed in the legend.
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Figure 6: ZAR Rand (in€). VaR 99% backtesting from March, 2 2004 to May, 9 2009. Eactbsyrepresents a
VaR violation for the VaR models listed in the legend.
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